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It is proposed to apply methods of statistical simulation of realizations of 3-D random fields
with Gaussian type correlation function to solve the problems of conditional maps, adding of
data to achieve the necessary precision, and other such problems in geophysics. The
approximations theorems and built on their base algorithm of statistical simulation of Gaussian
homogeneous isotropic random fields using the spectral representation are considered. Model
example is the aircraft magnetometry data in the Ovruch depression. It is divided into
deterministic and random components for data analysis. The deterministic component is
proposed to approximate by cubic splines and the stationary random component is proposed to
modeling on the basis of spectral expansions of random fields with Gaussian type correlation
function.

XIV International Scientific Conference “Monitoring of Geological Processes
and Ecological Condition of the Environment”

10—13 November 2020, Kyiv, Ukraine



Introduction

The problems of the simulation of random fields with given probability characteristics arise solving
the actual geophysics problems. It is proposed in the paper (Vyzhva, Z. et al., 2018) to apply methods
of statistical simulation of 3-D random fields with Bessel type correlation function, to solve the
problems of conditional maps, adding of data to achieve the necessary precision, and other such
problems in geophysics.

Model example - the aircraft magnetometry data in the Ovruch depression. It is divided into
deterministic and random components for data analysis. The deterministic component is proposed to
approximate by cubic splines and the stationary random component is proposed to modeling on the
basis of spectral decomposition of 3-D random fields with Bessel type correlation function. It is
proposed the stationary random component to modeling on the basis of spectral decomposition of
random fields with Gaussian type correlation function in this paper.

The approximations theorems and built on their base algorithm of statistical simulation of Gaussian
homogeneous isotropic 3-D random fields using the spectral representation are considered.

Methods of statistical simulation of 3-D random field based on representation it by stochastic sums
was considered in papers (Vyzhva, Z. 1997, Chiles and Delfiner, 1999; Vyzhva, Z., 2011, p.214;
Vyzhva, Z. and Vyzhva, A., 2016, Vyzhva, Z. et al., 2018) and other.

Isotropic random 3-D field and its spectral decomposition

We consider a real-valued isotropic random field &£(7,6, @) on 3-D space (r, 6, ¢ — spherical

coordinates). It is known, that square-mean continuous real-valued isotropic random field & (7,8, @),

what is narrowing on the sphere with radius » on 3-D Euclidean space R’ admit the spectral
decomposition

Er0.0) =, Y Y ch(r) SL(0.9).

m=o0 l=—m
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where ¢, =\/57r, ch(r) = J‘ ””?7[ z! (d 2y, and {Z! ()} is a sequence of orthogonal

o (Ar)
random measures on Borel subsets from the interval [0,+), i. e.
EZ.(S)Z'(S,)=6 6" ®(S,NS,), for any Borel subsets S, and S,,
where o " is Kronecker symbol, ®(A) is the bounded nondecreasing function so-called spectral

function and spherical harmonics S’ (x) are
$,(0.9) =C,, P,'! (cos0) ¢''?,
where P"i (x) is associated Legendre functions degree m,

~ v (m=1)! 1, [#0,
Cm,l:% #(m+l)! (2m+1)9 Vlz{z 1=0: (1)

The correlation function B (p) of the isotropic random field &(7,8, @) on 3-D Euclidean space R?
may by presented (Yadrenko, 1983, p.6) as an integral

g J,(2p)
B(p) = \EJ W dD(2), )
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where @ (A) is spectral function, p is distance between the points x, y € R* (x =(r1, 6, @), y =

(r2, 6, @)):p = \/ r’+1 =211 cosy,and cos y— angular distance between vectors x, y € R’ :

cosy = cosf, cosb, +sinf, sin b, cos (¢, —,).

The variances of ¢’ () we obtain as

b,(r) = Varcl(r) = E |6, [, 1=1,2, ... h (m, 3).

Than we have the formulas for coefficients b,(r)

= J2 (Ar)
b,(r) =] — (@A), m=0L.... (3)

We will call the coefficients b,,(r) as spectral coefficients.

These coefficients are defined by the correlation function B (p) in the way:

b (r) = 27 TB(p) P, (cosy) siny dy . 4)

However, is used the spectral decomposition of this random field by solution problems of statistical
simulation of realizations of random fields on the sphere in 3-D space, on this figurate real-valued
random variables. Let adduce that decomposition. The following statement is true.

Theorem 1. Let&(r, 0, ) is a mean square continuous realvalued isotropic random field on the

sphere S3(r) in 3-D space (r — radius sphere) with zero mean. Than this random field admits
(Vyzhva, Z. 2011, p.210) the following spectral decomposition:

£r,0,9) = 3 D 2, B(cosO) [, (rcoslp+g, ,(r)sinlp], 5)
m=0 [=0
where {gfn,k(r)} (k=12), ¢ ()= T M 7' (d4), — random velues sequences,
m, o (ﬂ r)? m,

such that satisfying the next conditions:

D Mg, (r)=0; ()
I r room ok

2) Mgm,k(r) gm’,k'(r):5/ o, o b,(r), (7
where 55 _ Kronecker symbol, Em,,— constants sequences are calculated by the formula (1),

ab, (r)-— the spectral coefficients (3).

A procedure of the statistical simulation of 3-D random fields

The statistical simulation of realizations of random fields on the sphere on the basis of spectral
decomposition (5) is considered. Approximation model is constructed by using the partial sums of
series (5)

N m
Ev(r0.0) = DY ¢, PicosO) | £, (r)coslp + & ,(r)sinlp |, NeN. (8)
m=0 [=0
The mean square approximation of random field &(p,6,®) by model (8) was investigated in paper
(Vyzhva, Z. and al. 2018) and was formulated in the following theorem.
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Theorem 2. Let a mean square continuous realvalued isotropic random field & (r, 8, @) in 3-D space
with zero mean (r — radius sphere). If z; < +oo, than the mean square approximation of this random
field by model (8) is such that

> 51t % 3
M[ &(r,60,0)-&,(r,6,0) ] sz”—];ys, py = j 20 (dA). ©)

We give evaluation of approximation of random field & (r, 8, @) by partial sums &, (7,0, ).

We can formulate an algorithm (procedure) of statistical simulation of Gaussian isotropic 3-D random
fields on the base model (8) and square-mean estimation (9) of random field & (», 6, @) approximation

by partial sums &, (7,8, ).

Algorithm

Natural number N (border of summation) is chosen according to necessary £ = 0 accuracy of
approximation the model (8) by means of one of the next inequalities (9) mentioned below:

Sar
2N?
1. Simulate the sequences of  independent  Gaussian  random  variables

{ch.(M}, k=127 m=0,12.N; I=1...m

i < & (10)

that satisfy conditions (6) and (7).
2. Calculate the realization of the stochastic random field &(r, 8, ¢) in given point by means of

substituting in it values from the previous items 1 and 2, numbers N and sequences of
Gaussian random variables.

3. Check whether the realization of the random field generated in step 3 fits the data by testing
the corresponding statistical characteristics (distribution, correlation function).

Statistical simulation methods of 3-D random fields by the aircraft magnetometry data

There has been an introduced random field statistical simulation based on spectral representation in
order to enhance map accuracy by the example of acromagnetic survey data in the Ovruch depression.

While constructing data graphs for each account, we noticed that it is expedient to distinguish
deterministic and random components. Input data on the profile is a random field 7, (r, 8, @) (r, 6, ¢ —

spherical coordinates, i- profiles numbers). The stationary random component & (7,6, ) (random

fields) and trend f(r, 8, ) as determined cubic spline function were selected for each profile

771'(”9 9»?) :ﬁ(r,99¢)—§(r»99¢)-

The final stage was the imposing array of realizations & (r,0,¢),i=1,2,... what we got by statistical

simulation on the spline approximation of real data. As a result, we received more detailed
implementation for the geomagnetic observation data in the selected area.
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The built variogram of these implementations & (r,60,¢),i=7,...,20 has approximation by

theoretical variogram which is connected to the Gaussian type correlation function (Vyzhva, Z., 2011,
p-214).

B(p) = exp {—c pz},c>0. (11)
This confirms the adequacy of simulated implementations to the real research data.

The spectral coefficients, which correspond to the correlation function (11) of random field
&(r,0, @), are calculated (Vyzhva, Z. 2011, p.214) by the formula

T : 1
b(r)y=|=| —exp|-2rc’l I , Qcr). 12
N [cj - o] b1, 2er) (12)
where 7,,(z) is the modified Bessel function of the first kind of order m.

These spectral coefficients (12) we used in proposed above algorithm. The statistical simulation of
realizations of the isotropic random fields &(7,6,¢),i=7,...,20 with Gaussian type correlation
function can be done by means of constructed algorithm.

Conclusions

The statistical simulation method of 3-D random field with Gaussian type correlation function
implementations makes it possible to supplement with a given detail the measurement results of
magnetic field full vector. Such areas can be identified more accurately in the geomagnetic data, if to
compare the actual deviation from the ideal random simulated geomagnetic field to the properties of
homogeneity and isotropy.
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