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SUMMARY

The article presents a technique for calculating the volume determined by ravines and described by
cartographic materials. The volume is calculated by the cross-sectional method using the Simpson
formula. Cross-sectional areas are calculated from the map as polygon areas. The errors of the
Simpson formula itself and the errors of calculating the cross-sectional areas are described and
calculated in detail. Richardson extrapolation was used to get adjusted value of the volume, and
Runge rule was used to estimate the errors.
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Introduction

Analyzing the data on the area, volumes occupied by solid waste landfills, it should be noted that the
situation in Ukraine is quite critical. A significant number of such objects will require certification
and reclamation of landfills, and this, in turn, involves the determination of exact geometric
parameters. A common way to determine the volume is the use of GIS technologies, however, it
should be noted that the initial data for this can be satellite imagery, UAV surveys, ground laser
scanning, classical geodetic methods, and in accordance with this, each of these methods will have its
own errors determination of volume. An illustrative object, which should be given special attention, is
the Lviv city solid waste landfill (LSWL). It has a fairly long period of work, large in area and
volume. Certain stages of monitoring the parameters of LSWL are presented in [Savchyn, 2019]. In
order to get actual information about landfill condition after waste-slide aerial survey out of UAV was
done on June 11, 2016. Therefore, the orthophoto map and DTM of Lviv municipal solid waste
landfill have been created. Using digital terrain model (DTM) differences of waste disposal thickness
and wasteslide have been determined and a fissure has been found which can cause a new slide. The
represented algorithm can be used for the monitoring and analysis of different industrially dangerous
territories. In [Nikulishyn et al, 2020], for modeling and calculating quantitative parameters of
objects, the direct study of which is impossible with modern geodetic instruments, cartographic
materials was used. Savchyn, et. al., 2020 conduct geodetic monitoring of the protective dam of the
lakes of the filtrates of the Lviv MSW Landfill after reconstruction. Cartographic information can also
be used to study the relief of objects that cannot be physically investigated using geodetic and remote
sensing methods (for example, debris-filled ravines, landfills, water reservoir). Thus, the use of
archival cartographic materials is one of the most important sources for describing and modeling the
initial surface of these objects, and then for calculating their volume. Describing of the mathematical
apparatus allows to perform such actions, and then to assess the accuracy of calculations and verify
the results.

Methodology

One of the way to determine the volumes of bodies with complex configuration is cross-section
method. From integral calculus, body volume can be calculated using a formula:

b
V = [ S(z)dz 1)
a

where a,b — upper and lower margin of z, which we took as a variable along the height of the object
(b—adifference between the lowest and highest points, respectively), S(z) — the cross-sectional area
of the body corresponding to the variable z. Since the analytical expression of S(z) is unknown,
for each value of z the cross-sectional area is removed from the map at discrete points, and the
volume is calculated by approximate methods for calculating definite integrals. Without going into
a detailed analysis of methods for calculating definite integrals, we presented one of the most
commonly used methods, namely the parabolas method (Simpson's method) [Fys et al, 2017], which
essence is to approximate the subintegral function on the interval by a second degree interpolation
polynomial. Dividing the integration interval into 2n segments and applying Simpson's formula to
each one gives the following formula for the integral (1):

Vi =2[S(zo>+4__§l s<zm)+2,”§‘118(z2i)+8(z2n)} 0

where hzbz_—a, zi =a+hl, 0<i<2n, zp=a, 75, =b.
n

The error in calculating the volume by formula (2) is

[A4] =V V| =R (3)

To estimate the method error, we used the Runge rule and Richardson's extrapolation [Sidi, 2003],
which estimate the error of numerical integration, actually shows the approximation of integral (1)
and the refined value of this integral. Indeed, the difference between the results obtained by the
same quadrature formula, before and after doubling the number of elementary segments, can be
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used to estimate the error of numerical integration, namely:
Ry = =] @
2P -1
where Q,— the value of quadrature formula for n intervals, Q,,— the value of quadrature formula
for 2n intervals, p — the order of the quadrature formula residual, R, — is the estimate of the error
of numerical integration for 2n intervals. If Q,, and Q,, — two approximate values of the integral (1)

found from the same quadrature formula for the number of segments m and n (m>n), then a more
accurate approximate value of this integral can be found by extrapolating after Richardson [Sidi,
2003] with formula:
P
Qk+1n,m = ka + mpn_ P '(ka _an)1 (5)
where p — the order of the quadrature formula residual, superscript k means iteration number
(order of refinement). In particular, for Simpson's method, formulas (4) - (5) get the forms:

_ ’\/Zn _Vn

2n — 2p_1

V), (6)

here h — the cross section step, k — iteration order, p=4. Received the refined value of the volume

by (6) and the value of the error A, = R:, we foynd the relative error in calculating the volume by

formula & =A,/V . In addition, the value of the function S(z) in (2) are selected from maps with a
some error AS; =S(z)-S; at fixed pointsz;. This error occurs when the area of a polygon is
calculating, which is identified with the area bounded by isolines:

S= 0-5_§llxi (Yisa —Yig) OF S= 0-5_§11Yi (X1 = Xi1) s (7

where N — numbers of polygon’s vertices, (X;,Y;)— polygon’s vertices coordinates. Obviously, the

total error is depended on the points coordinates accuracy on the map, the number of the polygons
vertices and the complexity of the body configuration. This error is also included in the overall
accuracy of determining the volume by the quadrature formula and when substituting it in (2) gives
the second part of the error in calculating the volume:

1
A, :%(ASO +4éASzi_l+2?_zlA82i +ASZ“) ®)

. . . . . AS;
Let & — the relative error in calculating the area of the i-th section, then o =S—' and ASj =4;S;.
i

Substituting the last equality in (8) gives
o0 5 ©)

If instead of &; we take the limiting relative error sy , then the relative error in calculating the

volume, which depends on the accuracy of calculating the cross-sectional areas, taking into account
equality (2), will satisfy the inequality:

n So-+4% SranSor 142 % SeSo + SS ] S (S0 4% Sy 1425 S + ) (10)
— + i+ i+ — + i+ i+
AZ . 3 max -0 i1 max “2i-1 i max “2i 'max2n . max 3 0 2 2i-1 i 2i 2n _

277
5V7v Vi

h n n-1 5max
—(Sp+43% Spi1+2 % Sy +Sy)
3 i=1 i=1

Since the relative error of the sum does not exceed the maximum relative error of the terms, the final
limiting relative error &, in calculating the volume will be the maximum of the numbers 5\1, and 5\? :

We define the error in calculating the cross-sectional area as follows. Let us denote by the symbol 5i*
the limiting relative errors of the numbers of S;, then

Smax = max{(ii*,i =12, n}. (11)
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Results of investigations

We used the above method to calculate the volume of two ravines using cartographic materials. To
find the cross-sectional areas S;, we used the formula (7), and to calculate the errors s; , we found the

area of the same cross-section for a certain number of polygon vertices and double their number. Next
we used Richardson's extrapolation. The adjusted value of the area was found by equality

s/ =(as™ ~s')/3, then, respectively, asj=[s'-s/|[/3 and & -AS;/S;%. The values of the

calculated cross-sectional areas of ravines for a different number of vertices, the refined values of
these areas and their errors are presented in Tables 1-3.

It should be noted that the tables show the values of the cross-sectional areas with the largest errors. It
was found that the maximum relative error &, is 2.3%, which means 57 =2,3% for the I ravine
and 56 =1,4% for the Il ravine. It is clear that increasing the number of vertices of the polygon

increases the accuracy of determining the cross-sectional area. Based on formulas (2), (3), the volume
of the ravine with cross section steps of 1, 2, 4 and 8 m was determined. Equations (6) gave adjusted
value of the volume and an estimate of the residual term R,, . The results of calculations and errors

are given in Tables 4-5.

Table 1.- Cross-sectional areas of | ravine

The height of the cross section Area Number of | Area | Numberof | S° (I
for the I ravine (sg. m) vertices | (sg. m) vertices ravine)
280 681,64 50 659,74 25 688,94
290 437,315 50 446,65 25 434,21
300 623,36 50 581,56 25 637,29
320 344,19 50 319,96 25 352,27
Table 2. — Cross-sectional areas of Il ravine
The height of the cross Area | Numberof | Area | Number of SiR
section for the II ravine (sg. m) vertices (sg. m) vertices (11 ravine)
285 479,91 50 477,20 25 480,81
295 1051,95 50 1007,57 25 1066,74
305 1074,13 50 1032,22 25 1088,1
310 986,29 50 953,65 25 997,17
Table 3. — Values of absolute and relative errors
i Absolute - i Absolute -
The height of the 5 (%) The height of the 5 (%) (11
cross section for | error AS; P cross section for | error AS; P
280 7,3 11 285 0,9 0.2
290 3,11 0,7 295 14,79 14
300 13,93 2,2 305 13,97 1,3
320 8,08 2,3 310 10,88 11
Table 4-Refined values of volume and errors for | ravine
Value of cross section steps h v (0-iteration) vi R (&) | &,%
h=8 23620,8
h=4 23946,3 23 968,00 21,7 0,09
h=2 23742,51 23728,92 13,59 0,06
h=1 23589,12 23578,89 10,22 0,04
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Table 5 - Refined values of volume and errors for Il ravine

Value of cross section steps h Vv % (0-iteration) vi Ry (&) | & ,%
h=8 22325,1
h=4 22100,9 2208595 | 14,95 0,07
h=2 22011,32 22 005,35 5,97 0,03
h=1 22117,58 22 124,66 7,08 0,03

Therefore, the final values of the volume of the ravines, taking into account the previous calculations
and Richardson's extrapolation, is \; -23578,89 cubic meters with error & =2,3% and

V, =22124,66 cubic meters with error &, =1,4%.
Recommendations and conclusions

It should be noted that the error of the remainder 6. is much less than the relative error 5\5 in
calculating the areas. Thus, the value &, largely depends on the accuracy of calculating the cross-

sectional areas, and so the choice of the numerical integration method has little effect on the accuracy
of volume determination. This fact must be taken into account when calculating the volumes of bodies
by the method of cross-sections.

Cross-sectional areas and error 56 can be calculated using the trapezium formula for calculating the

area of the polygon and extrapolation by Richardson. After performing a certain number of iterations,
it is possible to determine the value of the cross-sectional area with appropriate accuracy.

It should be noted that this method of calculating the volume from cartographic materials, together
with an assessment of accuracy, can be applied to objects with a complex relief configuration
(ravines, landfills, etc.)
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