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SUMMARY 
 

When solving engineering and geodetic problems, it is necessary to determine the position of the 

device in space, as well as to find the height of the object relative to the established mark. The 

construction of buildings or engineering structures requires constant monitoring of the mounting 

horizon position. Such problems are mostly solved by transferring the mark to the mounting horizon 

by geometric leveling. Such measurements are often associated with problems with meter location. 

The method of trigonometric leveling is burdened by errors in measuring vertical angles which are 

significantly affected by vertical refraction. One way to solve this problem is to apply linear 

measurements to points of mutually perpendicular bases. The accuracy of linear measurements by 

modern electronic tachometers is quite high. 
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Introduction 

 

When solving engineering and geodetic problems, it is necessary to determine the position of the 

device in space, as well as to find the height of the object relative to the established mark. The 

construction of buildings or engineering structures requires constant monitoring of the mounting 

horizon position (DBN V.1.3-2). Such problems are mostly solved by transferring the mark to the 

mounting horizon by geometric leveling. Such measurements are often associated with problems with 

meter location (Vivat, Lienhart). The method of trigonometric leveling is burdened by errors in 

measuring vertical angles which are significantly affected by vertical refraction. One way to solve this 

problem is to apply linear measurements to points of mutually perpendicular bases. The accuracy of 

linear measurements by modern electronic tachometers is quite high. The spatial coordinates of the 

point (X, Y, Z) are determined by formula (1) by a measured slant distance S, a vertical angle ν and a 

horizontal angle β (Leica FlexLine user manual).  
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The formulae for three coordinates (XYZ) determined by the software of the electronic tachometer 

contain the vertical angle ν which can cause their distortion. The authors have proposed and tested a 

method for determining the spatial coordinates of a point based on linear measurements without using 

the vertical angle. 

 

Methods of investigation 

 

In Figure 1, a geometric construction explaining the above technique is shown. The task is to find the 

coordinates of the point M by measured segments and base sides OA, OB in a conditional coordinate 

system with a point O as its beginning. Let us introduce the following notations: OA = D1, OB = D2. 

 
Figure 1. Parameters of the spatial position of a point 

 

On the basis of the theorem on three perpendiculars (MM ', MS, MS), it can be stated that the segment 

MS is perpendicular to the line OS (Figure 1). Therefore, OC x=  is determined from the OMB 

triangle with the use of Pythagoras' theorem. 
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Similarly, the value of an ordinate is determined. But, since it is almost impossible to construct a right 

angle on the ground, the angle of nonperpendicularity δу is determined as the angle between two 
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vectors. Determining the increment, we will take into account the angle of non-perpendicularity  
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where y is addition to the right angle (Figure 1). 

Let us calculate the increment using the Pythagorean spatial theorem: 
2 2 2 2
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and 
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Thus, the spatial coordinates of the point are determined by linear measurements. 

Let us differentiate formulas (2) – (4) and write the formulas for errors in determining the coordinate 

increments: 
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Regarding the determination of bases D1 and D2, it should be noted that their values can be obtained 

by direct measurements, or calculated by the measured sides and angles between them: 
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with a mean square error: 
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and 
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But even if direct measurements are possible, the accuracy of the calculated values is sometimes 

higher, because some errors are excluded by the differences (Litynskiy. V.).  

 

Results of investigations 

 

The authors can illustrate the application of this technique on a simulated example. For the given 

values D1 = 60.000 m, D2 = 30.000 m, S1 = 86.602 m, S2 = 71.410 m S3 = 106.771 m, Sm = 1 mm, 

m = 1", according to formulas (2-5), the coordinates of the position of the device and the error are 

calculated: X = 50,000 m, Y = - 50,000 m, Z = 50,000 m, xm  = 1.9 mm, ym = 5.3 mm, zm = 5.9 mm. 

This is the a priori estimation of the accuracy of determining the increments of coordinates. 

The technique was also tested in practice. On Academic building No4 of Lviv Polytechnic National 

University, a light-reflecting mark (T3) was fixed at point O, that is, at the beginning of the coordinate 

system. At the same height, the second reflecting mark (T5) was fixed and designated as a point B. 

The direction OB is the direction of the X axis. At the same height the third light-reflecting mark (T1) 

was fixed and designated as a point A. The direction OA is the direction of the coordinate axis У. The 

Z axis is perpendicular to the plane XOY at the point O (Figure 2). Planned coordinates of marks T1 - 

T3 are determined in the conditional coordinate system, as described above, by the method of circular 
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receptions of the electronic tachometer. The heights of the same marks were determined in the 

absolute altitude system Baltiyska 77 with reference to the second class benchmark №7036. During 

the determination of elevations by trigonometric leveling, the vertical angle did not change more than 

by one degree, and the long-range beam passed in almost the same atmospheric conditions. Three 

circular measurements were performed to determine the coordinates. The root mean square error is 

within 1.2 mm. At a distance of about fifty meters from the original geodetic base on the fifth, sixth 

and seventh floors of the second building of Lviv Polytechnic, the same light-reflecting marks M5, 

M6, M7 were fixed. The spatial coordinates of the marks M5, M6 and M7 were determined by the 

method of a spatial inverted linear-angular notch by the electronic tachometer in three steps.  

 

 
Figure 2. Determination of spatial coordinates of the geodetic basis 

 

In the program CredoDAT, three networks are formed in a balanced way (Figure 3). The program 

recorded marks T3 and T5 and determined the coordinates of the marks M5, M6, M7 on the fifth, sixth 

and seventh floor of Academic building No2 and the coordinates of marks A5, A6 and A7 - the main 

points of the tachometer (intersection of vertical and horizontal axes). These points are necessary to 

test the proposed method. Errors in determining the coordinates of working marks are obtained from 

the balance of the network. Since the working marks are located at a short distance from the device 

(about 2 m), the errors in determining the working marks can be considered equal to the errors in 

determining the main points of the device. It is important that the values of the vertical angles are 

equal to zero while determining the markers of the working marks. 

 

 
а)                                          б)                                             в) 

Figure 3. The scheme of determining the coordinates of the working marks by the method of spatial 

inverse linear-angular notch in the program Credo DAT 

 

According to formulas (2) – (5), the increments of the coordinates were calculated by the proposed 

method. The values of the measured distances and bases used for the calculation are given in Table 1. 

The errors in determining the distances and bases are not more than 1 mm, determined by the intrinsic 

convergence of the three methods. The calculated coordinates of the working marks were obtained by 

summing the increments to the coordinates of the point T3 of the conditional coordinate system. The 
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coordinates determined by the spatial method of the electronic tachometer and the proposed method 

were compared. The differences are shown in Table 2. 

 

Table 1 Values of measured distances and bases for determining coordinate increments 

Point S1, m S2, m S3, m D1, m D2, m 

А5 68.5080 52.3733 67.7637 16.9993 17.0009 

А6 68.4470 52.2907 70.6478 16.9993 17.0009 

А7 69.7048 53.9308 70.5455 16.9993 17.0009 

 

Table 2 The differences in coordinates are determined by the proposed method and the spatial 

method 

Point dx, mm dy, mm dz, mm 

A5 -2.6 -1.0 6.2 

A6 -2.9 5.8 -20.7 

A7 -3.2 1.4 -3.2 

 

Recommendations and conclusions 

 

A new method for determining the spatial position of points without measuring vertical angles has 

been tested. The accuracy of the coordinates is affected by the shape of the network (see the fourth 

column of Table 2 and Figure 3b). The increment Δy of the second network is determined in the worst 

way, where the side of the formed triangle S1 S2 coincides with the axis Y. But even under such bad 

geometric conditions, the increment is determined quite reliably. The value of the increment Δy has a 

significant effect on the increment Δz. Elevations determined by the spatial method resemble those 

made by geometric leveling. The largest deviation of the excess of the spatial method and geometric 

leveling is 0.4 mm. A posteriori accuracy assessment corresponds to a priori. This indicates the 

correctness of the method and the absence of systematic errors. 
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