
 

 

GeoTerrace-2020 

07-09 December 2020, Lviv, Ukraine 

GeoTerrace-2020-024 
 

Non-simultaneous double-way trigonometric leveling 

 

*R. Solskyi, S. Periy, V. Litynskyi (Lviv Polytechnic National University) 
 

SUMMARY 
 

The investigations of the accuracy of the proposed method of double-ended non-simultaneous 

trigonometrical leveling by topographical electronic tachometers on the Berezhany training and 

research geodetic site were performed. The comparative analysis of the results of double-ended 

trigonometrical leveling and II class geometrical leveling on the chosen geodetic network was 

conducted. It was established that the differences between the elevations obtained by double-ended 

trigonometrical leveling and geometrical leveling correspond to accuracy tolerance of the II class. 

 



 

 

GeoTerrace-2020 

07-09 December 2020, Lviv, Ukraine 

Introduction 

 

The aim of the investigations is the comparison of the accuracy of trigonometrical leveling performed 

by the topographic electronic tachometer with the geometrical leveling performed with the use of a 

high-precision level DiNi03. It was shown that the above mentioned tachometers can provide the 

accuracy of the II class geometrical leveling and under this condition the trigonometrical leveling can 

be performed much faster than the geometrical leveling of the same class. 

 

Formulation of the problem 

 

Nowadays, the accuracy of reading sighting battens by digital levels does not limit the accuracy of the 

geometrical leveling. The main errors of the geometrical leveling are the errors associated with the 

sighting battens and vertical refraction. The authors propose replacing the IV and III class geometrical 

leveling with the trigonometrical leveling performed by topographic electronic tachometers where the 

errors of elevation values caused by battens and refraction are considerably decreased. 

 

Methods 

 

For determining the elevation ïðÿìîABh1 , poles with reflectors are set at the similar height BA vv =  

(see Fig.1). The tachometer is set at point 1 located at a distance of about 10 m from a point A with 

the option “taking into account the Earth curvature and refraction” chosen in its menu. The distance 

(for determining the distances between the leveling points and stroke lengths) and elevation  

(between the horizontal axis of tachometer revolution and the reflector center) from, for example, CL 

to the point A is measured, and then the distance and elevation  to the point B. Then after moving a 

telescopic finder over the zenith, the same measurements are performed from CR. Such activities 

make up one approach, as a result of which  is determined. In total, 2 to 6 approaches are 

performed: 2 approaches for the IV class, 3 to 6 of them – for the III class according to the distances 

between the neighbouring points of leveling. 

 
Figure1. Diagram of measuring the elevation between points A and B  

 

For determining the elevation  , the poles with reflectors are exchanged for the elimination 

of the error in height difference of the poles (if present), the tachometer is mounted at point 2 (see 

Fig.2) which is located at a distance of about 10 m from the point B; as it is described above, the 

distance and elevation  to the point A and then the distance and elevation  to the point B are 

measured. Let us substantiate the number of approaches to measurements of vertical angles according 

to the leveling class.  

 

Class IV. A traverse length is 20 km. An acceptable traverse error is ììêììì 892020 = . For the 

trigonometrical leveling, an average traverse at the station is 500 m. On the distance of 20 km there 

are 40 stations. Therefore, at one station a boundary error is  ìììì 1440/89 = . The device mean 
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square error in measuring the vertical angle by the described above tachometer at one approach is 6″, 

for two approaches it is "2.42/"6 = . The error in determining the elevation via the error in 

measuring the vertical angle is ììtgì 2.10)"2.4(500 = , for average elevation from two stations it is 

ìììì 2.72/2.10 = . 

 

Let us assume that the difference between the coefficients of vertical refraction Δk from the 1st and 2nd 

stations for 500 m is 0.4, which is the considerable value for parallel beams. The discrepancy between 

the direct and reciprocal elevation will equal ìì8.7 and it will cause the error in determining the 

elevation being equal to ìììì 5.52/8.7 = . Two errors together will be equal to ìì9 which is 

considerably less than the tolerance of the geometrical leveling. A real difference between the 

coefficients can reach no more than 0.2. Therefore, the distance between the neighbouring points of 

leveling can equal up to 600 m. 

 

Class III. The  traverse length is 60 km. The acceptable traverse error is ììêììì 7760/10 = . 

Considering like it is shown above, let us assume that the average traverse at one station is 400 m. On 

the distance of 60 km there are 150 stations. The error for one station of the trigonometric leveling is 

ìììì 3.6150/77 = . 

 

The device mean square error in measuring the vertical angle by the described above tachometer for 

four approaches is "0.34/"6 = . It causes the error in determining the elevation equal to 

ììtgì 8.5)"0.3(400 = , for average elevation from two stations it is ìììì 1.42/8.5 = . The 

difference between the coefficients of vertical refraction from the 1st and 2nd stations for 400 m will 

be, in general, equal to 0.3. The error in measuring elevation caused by the refraction will be equal to 

3.8 mm. Two errors together will be equal to ìì6.5 which is less than the error in the geometrical 

leveling. The real difference between the coefficients of vertical refraction for 400 m will reach no 

more than 0.2.  

 

Class II. The traverse length is 400 km. The acceptable traverse error is ììêììì 100400/5 = . 

 

Considering like it is shown above, let us assume that the average traverse at one station is 300 m. On 

the distance of 400 km there are 1333 stations. The error for one station of the trigonometric leveling 

is ìììì 7.21333/100 = . 

 

The device mean square error in measuring the vertical angle by the described above tachometer for 

six approaches is "4.26/"6 = . It causes the error in determining the elevation equal to 

ммtgм 4.3)"4.2(300 = , for average elevation from two stations it is ìììì 4.22/4.3 = . 

 

Let us assume that the difference between the coefficients of vertical refraction from the 1st and 2nd 

stations for 300 m is 0.2, which is the considerable value for parallel beams. A real difference 

between the coefficients can reach no more than 0.2. The discrepancy between the direct and 

reciprocal elevation will equal ìì
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= and it will cause the error in determining the 

elevation being equal ìììì 0.12/4.1 = . Two errors together will be equal to ìì6.2 which 

corresponds the tolerance of the II class geometrical leveling. It is evident that the measurements for 

II class must be performed by the high-accuracy electronic tachometer, but even with the use of a 

topographic tachometer it is possible to reach the II class leveling accuracy. 

The measurements are processed in the following order: 

1. average values of distances and elevations 4321 ,,, hhhh  (tachometer - reflector) determined 
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during the experiment from 6 approaches are calculated; 

2. elevation 
 
obtained from the direct traverse is calculated according to the formula: 

211 hhh ïðÿìîAB +−=   (1) 

3. for determining the elevation from the 2nd station ïðÿìîABh 2 the following formula is applied:  

432 hhh ïðÿìîAB +−=    (2) 

4. then the elevations obtained from two stations ( ïðÿìîABh 1 and ïðÿìîABh 2 ) are compared.   

 
Figure 2. The discrepancy between the direct and reciprocal elevation by the absolute value at the 

presence of vertical refraction 0.1=k  

 

In Table 1, the results of calculations of differences of vertical refraction coefficients for determining 

the average elevation for equal reflector heights which takes into account the errors in measuring the 

vertical angles and, partly, the refraction, and for two approaches to measuring vertical angles in Class 

IV, four approaches in Class III and six approaches in class II are given. The example of calculating 

the acceptable discrepancy is given below. 

 

For Class IV, the error in determining the elevation in one direction via the error in measuring the 

vertical angles, while measuring the angle in two approaches as it was shown above, for the distance 

of 500 m is equal to 10,2 mm. Between two directions, the discrepancy will be bigger root of two 

times, that is, mmmm 4.1422.10 = . 

 

Table 1 Calculation of the effect of difference of the vertical refraction coefficients on determining the 

elevation 

Class 

Distance, m 

100 200 300 400 500 600 

Δk0.1 Δk0.2 Δk0.2 Δk0.3 Δk0.4 Δk0.5 

IV, mm 2.9 5.8 8.7 12.1 16.4 22.3 

III, mm 2.1 4.2 6.3 9.0 12.9  

II, mm 1.6 3.4 5.1 – –  

 

The error in determining the elevation via the influence of vertical refraction for the distance of 500 m 

and the difference of vertical refraction coefficients 0.4 will be equal to 7.8 mm. 

 

Therefore, the total discrepancy for the distance of 500 m will equal ìì4.168.74.14 22 =+ . 

 

The rest of tolerance values are calculated in the similar way. 

5. If the differences of elevations are within the tolerance range, the average meaning of the 

elevation  is calculated as the average of the elevations obtained from the 1st and 2nd stations: 

2

21 ïðÿìîABïðÿìîAB
AB

hh
h

+
=

             
(3) 

Let us particularize formula (3) . 



 

 

GeoTerrace-2020 

07-09 December 2020, Lviv, Ukraine 

,
2

22

2

)4()3()2()1(

2)4(2)3(1)2(1)1(

21

TaxTaxTaxTax

BTaxATaxBTaxATax

ïðÿìîABïðÿìîAB

AB

hhhh

vihvihvihvih

hh
h

+−+−
=

=
++++−−

+
++++−−

=

=
+

=

     (4) 

where 1)1( hhTax =  is the elevation measured by the tachometer taking into account the Earth’s 

curvature (the rest is treated by analogy); 1i  is the height of the tachometer at the 1st station; 2i 2 is the 

height of the tachometer at the 2nd station; Av  is the height of the 1st reflector; Bv  is the height of the 

2nd reflector. As it can be seen from formula (4), the device heights and the heights of finder system 

devices are eliminated and, in fact, this formula is transformed into formula (3). It is one more proof 

that the errors related to different height of reflectors (rods) are eliminated in the average elevation, 

but for field checking the reflector heights should be equal in the range of 0.5 mm.  

 

Conclusion 

 

The trigonometric leveling has several advantages:  

• it needs considerably less time for field activities; 

• it allows reducing the geodetic staff to 3 persons in one crew; 

• it almost eliminates errors related to rods: difference of rod heels; errors related to rod temperature; 

as a regular error – the error of a rod slope; the accuracy of making rod scale division; errors 

caused by the distance from the rod heel to a read scale mark; rod lighting; 

• due to the fact that a directional ray from the 1st station, as well as from the 2nd one, moves in 

parallel with the Earth surface in approximately similar medium, the error caused by the refraction 

decreases considerably in the average meaning of the elevation. 

 

The investigation results show that the trigonometric leveling (even with the use of topographic 

tachometers) can replace the geometrical leveling of IV, III and even II class. There is no regular error 

in the results of elevation values. 
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