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SUMMARY 

To compute the phase velocities in the weakly anisotropic media, we propose to transform the 
Christoffel matrix into an adapted coordinate system, and, then, apply the perturbation theory to the 
resulting matrix. The diagonal elements of the resulting matrix are initial approximations of the phase 
velocities squared. To refine them, it is proposed to use either iterative schemes or Taylor series 
expansions. To approximate the phase velocities of the S1 and S2 waves, a stable method is proposed 
based on solving a quadratic equation with the coefficients being expressed in terms of the matrix 
elements and the precomputed value of the qP wave phase velocity squared. The computational 
accuracy is demonstrated for the standard orthorhombic model. 
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Introduction 
The phase and group velocities, and polarization vectors are important geophysical parameters for an 
anisotropic elastic medium. They are effectively used to solve the direct and inverse problems, such as 
ray tracing (Červeny, 2005), calculation of the traveltimes of first arrivals (Wang et al., 2006) etc.  
The squares of the phase velocities and polarization vectors of the plane waves propagating in an 
anisotropic homogeneous medium along the unit vector   1..3i i

n


n   are, respectively, the 

eigenvalues and eigenvectors of the symmetric Christoffel matrix  
, 1..3ij i j

a


K  , where ija  are 

determined by the quadratic forms of  in . 
Considering that most of the earth's crustal rocks are weakly anisotropic, many researches have been 
directed towards finding stable and fast weak-anisotropy approximations of the velocities and 
polarization vectors in these media (Thomsen, 1986). In these approximations, usually, the initial 
terms of the Taylor series expansions in the anisotropic parameters of the exact roots of the 
Christoffel equation are used.  
The Christoffel matrix of a weakly anisotropic medium has an additional property: its eigenvector for 
the maximum eigenvalue (the square of the phase velocity of the qP-wave) weakly differs from the 
direction vector, and the other two eigenvalues are close to each other. It makes possible to apply the 
perturbation theory to compute the eigenpair of the matrix K with respect to the matrix 0K  of some 
isotropic background medium (Farra, 2005; Farra and Pšenčík, 2003).  
Ohanian et al. (2006) used a local orthogonal coordinate system in which one of the axes is directed 
along the direction vector and the other ones are horizontal (WCS). In this local coordinate system, 
each element of the Christoffel matrix is determined by only one value of the elastic tensor, and 
formulas for phase velocities and polarization vectors are simplified.  
In the present work, we develop this approach using an adapted coordinate system (Madelung, 1968). 
The need to use an adapted coordinate system is a consequence of the fact that the reference isotropic 
medium is degenerate, and the velocities of 2 transverse waves coincide. The difference between the 
adjusted coordinate system and WCS is in the choice of axes direction being perpendicular to the 
direction vector. They are chosen such that in this coordinate system, 2 symmetrically located off-
diagonal elements of the Christoffel matrix are zeroed. In the resulting coordinate system, recurrent 
relations and series for the squares of the phase velocities of all types of waves are compactly 
represented. 
 
Method 
We assume that the medium under consideration is weakly anisotropic, i.e. there is an isotropic 
medium, the Christoffel matrix 0K  slightly differs from the Christoffel matrix K . Let us denote 

, ,P SV SHg g g  eigenvectors of the matrix 0K , which are the polarization vectors of P, SV, SH waves, 

respectively. Vectors 1 cos sinSV SH  h g g  and 2 sin cosSV SH   h g g  are also eigenvectors 

of the matrix 0K  for any   . Let us choose  , so that the relations 1 2 2 1 0T T h Kh h Kh  are satisfied 

and transform the matrix K  to an orthonormal basis  1 2, ,PM g h h . Let us denote TX M KM . 

The eigenvalues of the matrices X  and K  are the same because these matrices are similar. 
It follows from the equality 1 2 0T h Kh  that 23 32 0X X   and, therefore, vectors 1 2,h h are adapted to 

the matrix disturbance  0K K  (Madelung, 1968).  Without loss of generality, we will assume that 

22 33X X . 
It follows from perturbation theory that the diagonal elements of the matrix X  are the first 

approximations of the squares of the phase velocities:      1 1 12 2 2
11 22 1 33 2, ,qP S SX v X v X v   and 

 1 2 2 2 2
11 1 22 2 33 3 12 1 2 13 1 3 23 2 22 2 2 ,T T

qP P Pv a n a n a n a n n a n n a n n       g Kg n Kn  
           1 1 12 2 2 2 2 2 2 2 2
1 2 11 2 3 22 1 3 33 1 2 12 1 2 13 1 3 23 2 2tr( ) 2 2 2 ,S S qPv v v a n n a n n a n n a n n a n n a n n           K  
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       
   

1 12 2 2 2 2
1 2 11 1 22 2 33 3 12 1 2 13 1 3 23 2 2

, 1..3

cof cof 2 2 2 ,

where cof .

T T
S S P P

ij i j

v v d n d n d n d n n d n n d n n

d


       



g K g n K n

K
 

From the characteristic equation of the matrix X , it follows that the iterative relation to determine 
2
qPv   : 

    
       

22
1 2 1 2 1312

2 1 2 2 1 2
1 2

, 1n
qP qP n n

qP S qP S

XX
v v n

v v v v
    

 
 , 

and the quadratic equation for iterative determination 2 2
1 1 2 2,S Sv v   : 

     
   

     
   

   ,

1 2 1 22 2 2 2
1 2 1 2 1 2 1 212 13

2,
1 13 2 12

1 2 1 21 2

1 2 1
1 2 1 1 2

1,2 1,2

0, 1S S
S S S S

q

n

P qP

n

n n

X X v X v X
v v v v n

v v
 

 
 



 
  



  

 


 


. 

To obtain the series expansions 2 2 2
1 2, ,qP S Sv v v , we use the matrix 

 

 

 

1 2
12 13

1 2
12 1

1 2
13 2

0

0

qP

S

S

v X X

X v

X v

 





 
 

  
 
 
 

Y , 

obtained from the matrix X  by multiplying its off-diagonal elements by a number   . When 1   
the equality holds X Y  . 

Let us substitute a series  (1)2 2 4 6 8
2 4 6qP qPv a a a O          into the characteristic equation of the 

matrix Y   and successively determine its initial terms: 

       

                             

              

22
1312

2 1 2 1 2 1 2 1 2
1 2

4 2 2 2 24
13 12 13 12 1312

4 3 3 2 2
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

4 4 24
13 12 1312

6 5 5 4
1 2 1 2 1 2 1 2 1 2 1 2

1 2 1

,

,

2 32

qP S qP S

qP S qP S qP S qP S qP S qP S

qP S qP S qP S qP

XX
a

v v v v

X X X X XX
a

v v v v v v v v v v v v

X X XX
a

v v v v v v v

 
 

    
     

  
                 
 

         
 

         

2 4
12 13

4
1 2 1 2 1 2 1 2 1 2 1 2

2 1 2

2 2 2 2 2 2 2 2
12 13 12 13 12 13 12 13

3 2 2 3
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 2

3

2 2
.

S qP S qP S

qP S qP S qP S qP S

X X

v v v v v

X X X X X X X X

v v v v v v v v

 
  

 
 

   

 

Similarly, you can define the initial members of the series  (1)2 2 4 6 8
1 1 2 4 6S Sv b b b O          and 

 (1)2 2 4 6 8
2 2 2 4 6S Sv u u u O         . However, the terms of these series of order 2 and higher 

contain factors     1 2 1 2
1 2S Sv v  in the denominators that tend to zero if    1 2 1 2

1 2S Sv v . In this regard, the 

series of 1 2,S S   in the vicinity of the singular points do not converge. To overcome this obstacle, we 

also use the series  2 4 6 8
0 2 4 6r r r r r O         и   2 4 6 8

0 2 4 6s s s s s O         for the coefficients of a 

square polynomial    2
1 2S S r s          . From Vieta's theorem for a polynomial 

  2
qP r s       it follows that (1)2 (1)2

0 1 2 2 2 4 4 6 6, , , ,S Sr v v r a r a r a         

   (1)2 (1)2 (1)2 (1)2 (1)2 2 2 2
0 1 2 2 1 2 2 12 13, ,S S qP S Ss v v s v v v a X X       

   (1)2 (1)2 (1)2 2 (1)2 (1)2 (1)2
4 1 2 4 2 6 1 2 6 2 4, 2qP S S qP S Ss v v v a a s v v v a a a        . 

Using these ratios for ,r s  allows you to calculate fairly accurate values  of 1 2,S S   for any directions 

of propagation of S1 and S2 waves. 
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Calculation of eigenvectors. The eigenvectors ig  of a matrix K  are calculated as the columns with 

the largest modulus of the associated matrices  cof iK I , where I  is the identity 3 3  matrix, 

, qP, 1, 2i i S S  - are the eigenvalues of the matrix K .  

Computation of group velocities. After calculating the eigenvalues i  and eigenvectors ig  of the 

matrix K , the group velocity vector for the i   th wave in the phase direction n  is found by the 

formula / ,i iv Fn  where  klfF  is the Christoffel matrix with elements that are quadratic 

forms of the vector components ig . 

 
Numerical example. Let us illustrate the accuracy of calculating phase velocities, group velocities 
and polarization vectors using iterative schemes and series on the example of a standard orthorhombic 
(ORT) medium from (Schoenberg and Helbig, 1997), which has nonzero elastic coefficients: 11 9,с 

12 3.6,с   13 2.25,с  22 9.84,с  23 2.4,с  33 5.9375,с  44 2,с  55 1.6,с  66 2.182с  . 

The values of the phase velocities qP, S1 and S2-waves, depending on the components 

 1 2,n n  of the direction vector n  calculated using the corresponding iterative schemes 3 times are 

shown in Figure1a, Figure1b and Figure1c, respectively. 

  
Figure 1  Phase velocities for a standard ORT medium depending on the components  1 2,n n  of the 

direction vector for: (a) qP-wave, (b) S1-wave, (c) S2-wave. Singular directions are marked with red 
circles 

The maximum relative errors in computed velocities of qP, S1 and S2-waves in all directions when 
using iterative schemes 3 times, respectively, are 0.00017%, 0.0005% and 0.00034%. The 
corresponding images of the phase velocities qP, S1 and S2-waves (Figure 1) visually coincide with 
the exact values of the velocities. The accuracy of calculating the qP-wave velocities using a series 
with 4 nonzero terms is 0.001%. 
The relative errors in the calculation of the phase velocities of the S1 and S2 waves based on the 
known 4 nonzero coefficients of the qP-wave series with the subsequent solution of the quadratic 
equation are 0.003% and 0.0023%, respectively, which is about 6 times greater than the similar errors 
arising in the calculation using the iterative scheme.  
Since the iterative schemes are the most accurate, we use them to calculate the polarization vectors 
and group velocities. The maximum deviations of the calculated polarization vectors qP, S1, and S2-
waves from the exact vectors are 0.000160, 0.0120, and 0.000850, respectively. Figure 2 shows the 
calculated polarization vectors qP, S1, and S2 waves.  The color marks the value of the third 
component 3n  of the direction vector. Visually, the position of the calculated polarization vectors 
coincides with the position of the exact polarization vectors. 
We estimate the error in calculating the group velocity vector by two numbers, the first of which is the 
angle   in degrees between the approximate vector and the exact one, and the second is the relative 
error   in percent of the modulus of the group velocity vector. Calculations show that the maximum 
values of the error angles in all directions when performing 3 iterations for different types of waves 
are: 00.00013qP  , 0

1 0.003S  , 0
2 0.0004S  .  Similar values of the maximum errors   for 

different types of waves : 0.00014%qP  , 1 0.001%S  , 2 0.00003%S  . 



  

 
 Geoinformatics 2021 

11-14 May 2021, Kyiv, Ukraine 

   
Figure 2 Polarization vectors, calculated as normalized columns of the matrix  cof iK I  after 3 

iterations of the calculation of i  for: (a) qP-wave, (b) S1-wave, (c) S2-wave 

Figure 3 shows the values of the group velocities depending on the components  1 2,n n  of the 

direction vector, calculated on the basis of 3 iterations using the corresponding formulas. Group 
velocities have large gradients in the vicinity of singular points. 

  
Figure 3 The calculated values of the group velocities depending on the components  1 2,n n  of the 

direction vector for: (a) qP-wave, (b) S1-wave, (c) S2-wave 
 

Conclusions 
Using the perturbation theory applied to the Christoffel matrix in the adapted coordinate system, 
formulas are derived for approximating the squares of the phase velocities qP, S1 and S2- waves 
propagating in a homogeneous weakly anisotropic medium.  
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