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SUMMARY 

 
 

The surface of the lithosphere is geometrically rotated relative to the geoid, and in geological time the 

orientation of these shapes and the parameters of the ellipsoids that approximate them have changed. 

This ambiguity between the shape of the lithosphere and the shape of the geoid can create stresses, 

aimed at masses redistribution within lithosphere in compliance with the shape of the geoid. The 

parameters of the biaxial and triaxial ellipsoids were derived based on the digital elevation model 

ETOPO1. The digital elevation model paleoDEM, was used to model the transformation of the shape 

of the Earth and assess the impact of its reorientation on the stressed-deformed state of the lithosphere 

in distant geological epochs. Equations for computation of displacements and deformations, which are 

related to the transformation of the figure and the orientation of the upper shell of the planet, are given. 

The interpretation of the obtained results of studies of the planetary dynamics of the shape of the Earth's 

lithosphere and the global deformation state is given. 
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Introduction 

 

The topological non-homothetic of the lithosphere and the geoid can create tectonic stresses, aimed at 

density redistribution within lithosphere to be consisted with the shape of the geoid (according to the 

principle of minimum potential energy). The discharge of such stresses leads to coincidence of polar 

axis of the generalized shape of the lithosphere to the rotation axis (polar axis of inertia). It was 

established that the shape of the lithosphere is geometrically rotated relative to the geoid, and the 

orientation of these shapes and the parameters of the ellipsoids that approximate them have changed 

over geological time (Tseklevych, Zayats, Shylo, 2016, Fys at. al., 2020). For the modern era, the angle 

between the semiminor axis of the ellipsoid approximating the surface of the lithosphere and the axis 

of Earth rotation is ~3° (Tserklevych & Shylo, 2018). From our point of view, it is an interesting task 

to track the change of this angle of rotation in the process of evolutionary self-development of the planet, 

since this factor accumulates a complex of dynamic mechanisms of the formation of the essential 

elements of tectonic structures via endogenous processes and the Earth rotation. The action of 

gravitational-rotational and endogenous forces causes mass redistribution, which can lead following 

changes in geological time: transformation of the shape from a biaxial to a triaxial ellipsoid and vice 

versa, changes in the flattening and the angular velocity, movement of the pole. In this regard, we 

consider one of the possible causes of lithospheric stresses associated with the change in the Earth's 

shape during its evolution. That is, it is assumed that the generation of the stress field is determined by 

the transformation of the topological surface from one ellipsoid to another. In this sense, the modeling 

of the stressed state of the Earth's lithosphere may allow us to get closer to a reasoned understanding of 

the influencing factors and their role as driving forces in the concept of plate tectonics. 

 

Method and Theory 

 

The rotation of the shape of the lithosphere ellipsoid relative to the shape of the ellipsoid approximating 

the surface of the geoid occurs as a result of the global movement of the Earth's physical surface. The 

global movement of the surface of the lithosphere is generated by the mechanism that sets the tectonic 

plates in motion. The genesis of such forces, among other factors, may be related to the rotation of the 

Earth and the deviation of the axis of the lithosphere ellipsoid from the axis of rotation (Tserklevych, 

Zayats & Shylo, 2017). Assuming the initial state of the Earth as an ellipsoid (solid line in Figure 1), 

and the state after moving the lithosphere polar axis by angle θ (dotted line in Figure 1).  

 
Figure 1 Illustration of the movements of the polar axis of the ellipsoid 

 

Figure 1 means that the initial state of the Earth's lithosphere is associated with the geoid (a shape close 

to the state of hydrostatic equilibrium) and the axis of rotation and the axis of the geoid always coincide 

according to the principle of conservation of angular momentum. During the movement of the 

lithospheric plates, each point of the Earth shifts to a new position: the movement of each point on the 

surface is indicated by an arrow from T to T'. What factors causes the movement of the lithosphere? 

Obviously, they are of two types - "kinematic" and "dynamic". Kinematic conditions determine the 

transformation of the topological shape of the Earth from one ellipsoid to another, at the same time 

dynamic conditions require that the equilibrium state is preserved before and after transformation. We 

will consider the kinematic conditions that lead to the difference between the metrics of the two surfaces 

of the ellipsoids, that is, before shift, which can be interpreted as the deformation of the ellipsoid. 

Knowing the components of deformations allows, using known expressions for stresses as functions of 

deformations in spherical coordinates, to determine the components of the stress tensor for a given 

rheological model. Let us consider in details how to mathematically implement the kinematic conditions 

associated with the deformation of the lithosphere due to the reorientation of the Earth's pole. It is well 
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known that the difference between the arc length elements before and after deformation is connected to 

the deformation tensor (Rashevsky, 1967). 

 

If denote ds2=gijdxidxj – metric of the surface before deformation, and dS2=Gijdxidxj metric after 

deformation then: 

dS2–ds2=(Gij – gij)dxidxj = 2εijdxidxj, (1) 

where εij  – deformation tensor, which can be derived via following expression: 

εij = 0.5(dS2–ds2). (2) 

The metrics given above related to the same variables xi, but with different metric tensors Gij and gij. 

Thus, linear element ds identifies the metric form of non-deformed shape ∆ at the initial state, and dS – 

is transformation of linear element ds, corresponding to deformed shape ∆′ (end state corresponding to 

transformed shape – two or three axial ellipsoid).  

 

Let’s express elements xi of the point on the surface Т via spherical coordinates:  

x1 = r⋅sin(θ)⋅cos(λ), x2 = r⋅sin(θ)⋅sin(λ), x3 = r⋅cos(θ), (3) 

where r, θ, λ – radius-vector, polar distance and longitude of point. 

 

The radius vectors for two and tree axial ellipsoids, can be expressed by the following equations 

respectively (Moritz, G, 1994): 

r = R⋅(1+α(1/3 – cos2(θ))),  r = R⋅(1+α(1/3 – cos2(θ))+0.5α′⋅sin2(θ)⋅sin(2(λ–λ0))), (4) 

where α and α′ – polar and equatorial flattening, R – radius of the sphere with the same volume, λ0 – 

the longitude of semimajor axis. 

 

The element of the arc length on ellipsoidal surface can be derived: 

dS2=dx1
2+dx2

2+ dx3
2

 = dM⋅dM; 

dS2=((dM/dθ)⋅((dM/dθ)))dθ 2+((dM/dθ)⋅((dM/dλ))) dθdλ+((dM/dλ)⋅((dM/dλ))) dλ2. 
(5) 

After simple transformations equation (5) can be written in following form: 

dS2 = R2[1+2α(1/3 – cos2(θ))]dθ 2+R2sin2(θ)[1+2α(1/3 – cos2(θ))]dλ2, (6) 

dS2 = R2[1+2α(1/3 – cos2(θ))+α′⋅sin2(θ)⋅sin(2(λ–λ0))]dθ 2+ 

+ R2 sin2(θ)[1+2α(1/3 – cos2(θ))+α′⋅sin2(θ)⋅sin(2(λ–λ0))]dθ 2. 
(7) 

The element of arc on the spherical surface can be derived via classical relation: 

dS2 = R2dθ 2+R2sin2(θ)dλ2. (8) 

Introducing (6), (7) and (8) into (2), allows to get deformation due to shape transformation for: 

– triaxial ellipsoid relatively to the sphere 

εθθ = ελλ = α(1/3 – cos2(θ))+0.5α′⋅sin2(θ)⋅cos(2(λ–λ0)), (9) 

– biaxial ellipsoid relatively to the sphere 

εθθ = ελλ = α(1/3 – cos2(θ)), (10) 

– triaxial ellipsoid relatively to the biaxial ellipsoid 

εθθ = ελλ = 0.5α′⋅sin2(θ)⋅cos(2(λ–λ0)). (11) 

The classical relation between stress tensor and deformation tensor is determined by well-known 

Hooke's law (Gadomska B. & Teisseyre R., 1984): 
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 σij = 2µεii. (12) 

where µ – Lame coefficient.  

 

Equation (12) allows to compute stress components via derived deformations. For this reason, equations 

(9) – (11) should be multiplied by the factor 2µ. 

 

Let us consider now how it is possible to estimate the deformations and stresses that lead to the 

reorientation of the shape of the lithosphere due to the drift of lithospheric plates. These deformations 

and stresses are, to some extent, the result of changes in surface curvature. The time required for the 

movement of the lithospheric plates is not considered. Only the general change caused by the 

transformation of the ellipsoid, i.e. between its initial and final positions, is accounted. The difference 

between the conventionally defined "topological state 2" and "topological state 1" can be considered as 

a field of deformations and stresses arising as a result of the transformation of the first ellipsoid into the 

second, or also as a field of deformations and stresses due to changes in the ellipsoidal shape. 

 

Results and discussion 

 

To solve the problem of finding displacement vectors of points on the surface of a figure approximating 

the Earth's lithosphere, as a result of the transformation of one figure into another due to the 

displacement of the pole of the minor axis of the figure, it is necessary to find the values of displacement 

of points along the meridian and parallel. For this, a grid of meridians and parallels with a step of 10° 

was specified. To model the transformation of the shape of the Earth and impact of its reorientation on 

the stress-deformed state of the lithosphere in distant geological epochs, the data of the digital modeling 

of the relief paleoDEM were used (Scotese & Wright, 2018). Consider the displacement (in km) of 

points on the surface of the ellipsoid: in the modern era, 65 million years ago and 470 million years ago 

(Figure 2). The general system of displacements reflects a system with two vortices located near the 

equator, and the parameters of shear deformation in them are minimal at about 20 km. Deformation 

parameters increase with distance from these epicenters.  From the Figure 3, we can see that the "main" 

lines of deformation are located along the meridians in form of strips with a width of approximately 50 

degrees in longitude.  

 

 
a) 

 
b) 

 
c) 

Figure 2 Vector diagram of movement on the el-

lipsoidal surface (km): a) – modern epoch, b) – 65 

million years ago, c) – 470 million years ago. 

 
Figure 3 The stress state of the lithosphere due 

to the reorientation of the shape 

 

Their maximum value is approximately 320 km in the past period of 470 million years. Also, the 

maximum movements are observed in the polar regions. The directions of movement are opposite in 
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these vortices and absolutely symmetrical. Due to changes in the reorientation parameters of the shape, 

the specified epicenters are slightly moved. It is logical to think that this should cause a constant change 

in stresses in the crust, and accordingly a change in the stress state of the lithospheric shell. Therefore, 

the moment of critical stresses must come, which prompts irreversible deformation processes that give 

rise to lineament structures and faults. 

 

Figure 3 shows the stresses that arise in the elastic shell (equivalent to the lithosphere) when it is 

reoriented approximately by 3°. The maximum stresses reach up to ±2⋅108 Pa. The derived vector map 

allows to consider isostress lines as the limiting values of the destruction of the lithosphere. However, 

it is necessary to consider the fact that it may not be completely correct to directly apply the specified 

formulas, which are obtained for the absolutely elastic case, to phenomena occurring during geological 

time scales. 

 

Conclusions 

 

The investigations of shear deformations, which arise as a result of the reorientation of the thin solid 

shell of our planet shows the appearance a shear vector field on its surface. The vector field is in the 

form of two vortices, located near the equator. The analysis shows that near the centers of the vortices 

the values are minimal, and at the edges – maximal. The axes of this system of vortices are mobile, 

which was illustrated by the simulation. The presented research results illustrate the geometric 

explanation of the modern theory of plate tectonics, as well as the physical field of deformations of the 

lithosphere. As a result of the deviations of the two main shapes of the Earth, individual blocks of the 

earth's crust are in a permanent state of motion, which adequately affects the deformation of the 

topology of the figure, which changes its value over time in accordance with the angle of rotation around 

the polar axis. In our opinion, this is one of the likely factors of the process that triggers global 

movements of lithospheric blocks. As a result, the shape of the lithosphere is transformed, which is 

characterized by a change in the size of the axes of the ellipsoids that describe the surface of the 

lithosphere, as well as their orientation. 
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