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The most reliable way for calculating linear equations by the method of least squares, which can be
used for solving incorrect geodetic problems, is based on matrix factorization. This method is called
singular expansion. Other methods require less machine time and memory. But they are less effective
in accounting for input errors, round-off errors, and linear dependence. The methodology of such
scientific research is that for any matrix A and any two orthogonal matrices U and V there is a matrix
¥ connected by the formula. The idea of the singular decomposition is that properly chosen matrices U
and V turn most of the matrix X entries into zeros and make this matrix diagonal with non-negative
entries. The novelty and relevance of scientific solutions lie in the expediency of applying the singular
decomposition of the matrix when obtaining linear equations of the least squares method, which can be
used to solve incorrect geodetic problems. The goal of scientific research is to obtain a stable solution
of parametric equations of corrections to measurement results in incorrect geodetic problems and its
accuracy estimation. The method of solving normal equations by successive elimination of unknown
variables (Gaussian elimination) is quite common in geodesy but does not provide stable solutions for
ill-conditioned or incorrect geodetic problems. Therefore, in the case of unstable systems of equations,
it is proposed to use the method of singular decomposition of the matrix. In computational mathematics
this method is called SVD. The SVD singular decomposition method makes it possible to obtain stable
solutions for both stable and inherently unstable problems. Such an opportunity to solve precisely
incorrect geodetic problems is connected with the use of some limit T, which can be selected based on
the relative errors of the matrix of coefficients of the parametric correction equations and the vector of
geodetic measurement results. Moreover, the solution of the system of normal equations obtained by
the SVD method will have the smallest magnitude. Thus, applying the singular decomposition of the
matrix of coefficients of parametric equations of corrections to the results of geodetic measurements,
we obtained new formulas for estimating the accuracy of the least squares method when solving
incorrect geodetic problems. The derived formulas have a compact form and make it possible to
calculate elements and accuracy estimates quite easily, practically neglecting the complex procedure of
finding the inverse of the matrix of coefficients of normal equations.
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Introduction

The most reliable method for calculating coefficients in the general least squares problem is based on
matrix factorization, which is called singular decomposition, or SVD (abbreviation from Singular Value
Decomposition) (Forsythe et. al., 1977). Other methods require less machine time and memory. But
they are less effective in accounting for input errors, round-off errors, and linear dependence
(Golub&Reinsch, 1971).

The methodology of such scientific research is that for any matrix A and any two orthogonal matrices
U and V there is a matrix X connected be the formula ¥ =U" AV . If the elements u ; and v, are

columns of the matrices U and V, then the individual entries of the matrix 2 are equal O, i = ulT Av IE

The idea of the singular decomposition is that properly chosen matrices U and V turn most of the matrix
2 entries into zeros and make this matrix diagonal with non-negative entries (Lawson &Hanson, 1974).

The novelty and relevance of scientific solutions lie in the expediency of applying the singular
decomposition of the matrix when obtaining linear equations of the least squares method, which can be
used to solve incorrect geodetic problems.

Methods
Solving incorrect geodetic problems
Linear least squares equations can be used to solve incorrect geodetic problems. To do this, let’s
represent the linear regression equation in the form of the parametric equations of corrections known
when aligning geodetic nets. We can represent these equations in matrix form

AX+L=V, ey
where A is a matrix of coefficients of parametric equations of corrections, the elements of which are
obtained as partial derivatives of some function concerning unknown parameters; X is a vector of
unknown values, which are called parameters; L is a vector of measurement results; V is a vector of
corrections to measurement results.
The system of equations (1) is dependent, so it does not have a unique solution. Among the many

different ways of determining the unknown parameters X, we use the method of least squares. That is,
we impose an additional condition

— Tl .

®=v'C,V - min (2

on the system of equations AX +L =V, where C;,ll is the inverse covariance matrix of errors of
measurement results.

To operate with simpler expressions for obtaining unknowns and their accuracy estimation, it is
reasonable to use non-equal-precision measurement results representation in an even-precision form.

Substituting the value of the vector V from the parametric correction equations (1) into the minimum
condition (2) and opening the parenthesis, we obtain

©=X"A"CAX +2X"A"C,)L+L'C,'L - min. 3)

By entering the following notations
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A=C)’A, L=C"L,V =CV
then the minimum condition (3) finally takes the form
®=X"A"AX +2X"A"L+L'L=V"V - min. 4)
As is known from mathematical analysis, a necessary condition for the minimum of the function @ is

the equality of its partial derivatives to zero, so d®/0X =0.

As aresult, even in the case of equal-precision measurements, we obtain a system of normal equations
ATAX +A'L =0. (5)

Then, the unknown parameters are obtained from (5) as
X =—(ATA) AL .

Let’s perform a singular decomposition of the matrix A. Any factorization of the form (Stewart, 1973)
A=UZW',
is called a singular expansion of a real matrix A with dimension mxn, where U is a matrix with

orthogonal columns of dimension mXn, W is an orthogonal matrix of dimension nXxn, X is a
diagonal matrix of dimension nxn, for which 0; =0 at i# j and 0; =0,;20. We call the

quantities J; the singular numbers of the matrix A , and the columns of the matrices U and W — the

left and right singular vectors. For matrices U and W the following relations (Wilkinson, 1965) hold

U'u=1,00"#1
WW =1, WW =1,
where [ is an identity matrix.

Substituting the value of the singular expansion of the matrix into the system of normal equations (5)
and making some reductions, we obtain a new system of normal equations

WZsW' X +WZU'T[L =0.

Taking into account the orthogonality of the matrix W , the solution of such a system can be written
in the form

X=-WZU" L, (6)
where ¥ 'is a diagonal matrix, whose entries are equal 1/ g,.

Therefore, this solution makes it possible to obtain the unknown parameters of X using the singular
expansion of the matrix A .

Estimation of the accuracy of the least squares method

We are going to derive formulas for obtaining an accuracy estimation when using the singular
decomposition method.

In general, the mean squared error of any value is determined from the formula
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my = [\Qy »

where . is the error of a unit of weight, and Q, = Py is the inverse weight of the vector of the estimated
quantity.
To determine the error of a unit of weight, you can use the formula from the theory of errors
_ vy
/'[ - )

m-—n

where m—n=k is the number of excessively measured values, and the matrix product VTV is equal to
V'C 'V . Using the values of the function derived above and performing some simplifications, we
obtain

V'V =x"(ATAX +A"L)+'AX +L'L.

The expression in parentheses is equal to zero because it represents a system of normal equations.
Therefore, the quantity V'V can be represented as

VIV=L"AX+L'L.
Then, using the singular decomposition of the matrix A , this formula can be rewritten in the form
VIV=LUSW'X +L'L.

If we replace the vector X with its value obtained from the solution of the system of normal equations,
we get

VIV =-L'USW'WZU'L+L'L.
Using the properties of the transposed, orthogonal and inverse matrices, the quantity v'v equals
VV=-L'UU'L+LL.

The mean square error of a unit of weight finally takes the form

L'L-L'UU'L
=\/ : @)

m-—n

In the theory of errors, the value Q, = (ATC _IA)_l is taken as the inverse weight O, . By the symmetric

nn

... .. . -1/2 P - . . . . .
positive definite matrix theorem, (C Y 2) = Cm: . Performing simple matrix transformations, the inverse

nn

weight O, can be written as

0, =(aTa)".

Singularly expanding the matrix A , the inverse weight Q, takes the form

0. =|=w Y ozw]"
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Transposing and simplifying the above formula, the value O, can be written down as

o, =[wz=wr]".

Using the properties of the inverse matrix of the product and the orthogonal matrix, we finally obtain
the inverse weight of the vector of the estimated value

Oy = W(iz)
Thus, applying the singular decomposition of the matrix of coefficients of parametric equations of

corrections to the results of geodetic measurements, we obtained new formulas for estimating the
accuracy of the least squares method when solving incorrect geodetic problems. The derived formulas

have a concise form and make it possible to calculate elements 4 and Q, quite easily, practically

-1

wr. ®)

neglecting the complex procedure of finding the inverse of the matrix of coefficients of normal
equations.

Conclusions

Based on the performed research on the application of the SVD singular decomposition method in
solving incorrect geodetic problems, the following can be summarized:

1. The method of solving normal equations using the elimination of unknown variables (Gaussian
elimination method), quite common in geodesy, does not provide stable solutions for ill-conditioned or
incorrect geodetic problems.

2. In the case of unstable systems of equations, it is proposed to use the method of singular
decomposition of the matrix, which in computational mathematics is called SVD.

3. The SVD singular decomposition method makes it possible to obtain stable solutions for both stable
and inherently unstable problems. Such an opportunity to solve precisely incorrect geodetic problems
is connected with the use of a certain limit 7, which can be selected based on the relative errors of the
matrix of coefficients of the parametric correction equations and the vector of the results of geodetic
measurements. Moreover, the solution of the system of normal equations obtained by the SVD method
has the smallest magnitude.

4. We obtained new formulas for evaluating the accuracy of the SVD singular decomposition method
when solving incorrect geodetic problems. The derived formulas have a compact form and make it
possible to calculate elements and accuracy estimates quite easily, practically neglecting the complex
procedure of rotating the matrix of coefficients of normal equations.
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