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Analysis of the methods of determining the area of a spatial triangle
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SUMMARY

Area of real estate objects is normally calculated by coordinates of vertices of the polygons. In addition,
the real estate objects are measured, that means the values of the polygon sides are determined. Results
of the measurements are mainly used to control coordination. Determination of the area of real estate
objects by balanced coordinates provides for advanced efficiency of the geodesic supply for the real
estate cadaster.
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Introduction

Area of real estate objects is normally calculated by coordinates of vertices of the polygons. In addition,
the real estate objects are measured, that means the values of the polygon sides are determined. Results
of the measurements are mainly used to control coordination. The obtained results of measurement can
be also used to improve the precision of determining areas by their compatible processing with the
coordinates of vertices of the polygon. Thus, the known equation (Baranovskyi & Karpinskyi, 2009;
Zazuliak et al., 2007), which connects coordinates x;, yi of vertices of the polygon and the measured
distances between its vertices d .+ is presented.

\/(xiﬂ _xi)2 + (y;+1 - yi)2 —d;;, =0. (D
The equation (1) is differentiated by the coordinates and distances, and the shift is made from

differentials to corrections. The obtained changes are put in the equation (2):
—cosq, ., W, _-sinag, ., W, +cosa, W +sinag, W -vu,

ii+1 X ii+1 Visl

+a =0, 2

i+l

where @ ;,, - direction angles; U, ,U, ,U, ,U, - corrections to the coordinates of vertices of the

polygon; U, - correction to distances; &} - residual of conditional equations.

1

The system of equations (2) can be also presented in the form of a matrix:

AV +W =0, 3
where A - matrix of the coefficients of conditional equations; V' - vector of corrections; W - vector of
residuals.

The result of solution of the system of equations (3) is revealed in the correction V to the results of
measurements. Precision of the measured land plot area by the results of balancing is assessed by the
formula:

mp = H4/qp » “)
vipv

r

where U - mean squared error (MSE) of a weight unit (calculated by the formula /= , where

P - weight matrix, P = Q_l , I - number of excess dimensions); g, - inverse weight of the area that
is calculated by balancing the coordinates of vertices of the polygon of a real estate object (Hubar, 2011;
Markuze, 2000) g, = FQ,QF,, where Q, = E — QATN A, E - identity matrix, F - range of
partial derivatives.

Method andTheory

In the practice of geodesists and land surveyors, they often need to determine the area of sloping (not
plane) surface of a land plot. In scientific works, such area is called physical. Depending on the purpose
of the land plot use, it is necessary to determine the area of physical surface of the land plot Py, i.e. the
area of land surface with consideration of its topography, which can differ from the geodesic area by 2-
5% that should be considered in the corresponding calculations and while preparing land surveying
documentation (e.g. in the acts of purchase and sale of land plots) (Hubar et al., 2016; Hubar et al.,
2021).

The logical way to solve the problem is to use the method of splitting the land plot into the parcels close
to plane ones and determining their area by summing in order to get the area of the whole land surface.
However, it often happens the land area is parceled into the sloping spatial triangles. Areas of the spatial
triangles can be calculated by different methods depending on the set of performed measurements. The
main methods of determining triangle’s area are the following:

1. By the spatial coordinates of its vertices.

A triangle’s area can be calculated by the formula known from the course of analytical geometry
(Zazuliak et all., 2007). The formula can be more convenient when presented as:

P, =P}, + B +P} 5)
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where PXY=%X2 Y, 1;PYZ=%Y2 Z, 1;PZX=%Z2 X, 1
X, Y, 1 Y, Z, 1 Z, X, 1

- projection of the sloping area onto the coordinate planes.

Thus, area of the spatial triangle is equal to the square root of the total of squares of the area projection
onto the coordinate planes. To assess precision of the measured area it is necessary to determine
accuracy of the results of measurement, i.e. coordinates of the triangle vertices X; Y;, Zi (i=1,2,3).
Precision of the results of measurement is characteristic of the covariance matrix. Mean squared error
of the area can be calculated by the formula:

m;, =FKy, F", (6)

where F - matrix-line of partial derivatives of the calculated area by measured values.
In an individual case, if to consider the errors in coordinates are equal and independent, and having
made some uncomplicated transformation, one can obtain the formula for plane triangles:

:mX(YZ) Sz — M G[|Sz| 7

where  my(;) - mean squared error of spatial coordinates of the triangle vertices;

M =\m; +m, +m, = NE) Liny (v) - error of the position of the triangle vertex; |_S 2] - total of squares

of lengths of the triangle sides.
2. By differences of the coordinates of its two sides.
If differences AX,, AY,,AZ,,AX, ,AY, ,AZ, of spatial coordinates of the points 2 and 3 of the triangle

are measured referring to the point 1, area of the spatial triangle can be calculated by the formula:

P, =Py + B, + Py ®)
1 1AX, Ay _ 14y, AZ 1 1Az, AX,
where Py, =— ; Ny == ; Ny == .
2 |AX, AY, 2 1Ay, Az, 2 |AZ, AX,
Mean squared error of the measured area can be calculated by the formula:
m;, =FK,F", 9)

For the method, the covariance matrix K, of the measured vector of differences of the coordinates looks like:

K = {K n K 21}
A - .
K, K
If differences of the coordinates are determined by satellite measuring and results of measuring of the
basic lines are processed as independent, then K;»=0, where 0 — zero matrix.

In the first case, if measuring of differences of the coordinates are considered independent and equally
precise, the following formula for plane triangles is obtained:

1
mp, =E Ly (avaz) u/SIZ +S5, (10)

where S} =AX] +AY? +AZ}; S; =AX; +AY) +AZ; .
3. By Heron’s formula.
Area of a spatial triangle is calculated by the measured sloping sides S, , S,, S; by Heron’s formula.

P, =slls =5, )ds -5,)ds - S,), (11)

where Z%[ﬂSl +S, +S3).

To determine the area, one can also use the formula (Zazuliak et al., 2007; Hubar, 2020):

P, =ia/4sfs§ ~(sz+s2+s2) . (12)
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Mean squared error of the area can be calculated by the formula:
m;, =FKF", (13)

For the method, the covariance matrix K ; look like:
K K
K, = { 11 21} .
K, K,
Results of investigations

The work describes practical implementation of the above-presented theoretical studies. It is assumed
that three-dimension coordinates of vertices of the triangle are known:

X, =400,00m Y, =700,00x Z, =200,00
X, =600,00m Y, =780,00n Z, =400,00x .
X, =500,00 Y, =850,00m Z, =250,00u

as well as their covariance matrix K,,, = E, where E - zero matrix.

According to the data, one can calculate differences of the coordinates and sloping distances. Thus, the
following is obtained:

AX, =X, -X,=200,00m AY =Y, -Y =80,00m
AZ, =Z,-Z, =20000m AX,=X,-X,=100,00m
AY, =Y, -Y, =150,00m  AZ, =Z, -Z, =50,00m

S, :\/(Xz _X1)2 +(Y2 _Yl)2 +(22 —21)2 =293,939x .

S, :\/(X3 - Xl)2 + (Y3 _Y1)2 +(23 _21)2 =187,083m.

Ss :\/(X3 _Xz)2 +(Y3 _Y2)2 + (Z3 —22)2 =193,391m.

Covariance matrix of differences of the coordinates is calculated by the formula K, = FK,,, F " that

results in:
-1 0 0 1 0 0 0 0 O] 2 0 01 0 O]
0O -1 0 01 0000 020010
0 0 -1 001000 002001
F= . KA=
-1. 0 0 000100 1 00200
0O -1 0 000O0T10 01 0020
|0 0 -1 0000 O 1] 001 00 2]

Similarly, one can calculate covariance matrix of the sloping distances K ;. To do that, elements of the

matrix of partial derivatives F should be calculated before.

X,-X Y,-Y, Z,-Z
Fll:_FM:_%; F,=-Fs=- ZS by Fy=-Fg=- ZS L
1 1 1
X, -X Y,-Y. Z,.-Z
Fy=-Fy;= SS Ly Py =-Fy == SS t1 Py =k = SS o
2 2 2
X -X Y, -Y. Z -7
F31=_Fs7=_%? Fyp=-F=- IS Y Fy=-Fy=- lS o
3 3 3

F‘17=F'18=F'19=F21:F22=F23:F34:F'35:F'36:O‘

Having made the necessary calculation, one obtains:
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-0,680 -0,272 -0,680 0,680 0,272 0,680 0 0 0
F= 0 0 0 0,517 -0,362 0,776 -0,517 0,362 -0,776 |-
-0,535 -0,802 -0,267 0 0 0 0,535 0,802 0,267

2,000 0,764 0,781
K, =FK,,F' =[0,764 2,000 -0,193].
0,781 —0,193 2,000

Results of calculation of the land plot area by the formulas (5), (8), (11), (12) and its mean squared error
by the formulas (6), (9), (13) are presented in the Table 1.

Table 1 Results of calculation of the land plot area and its MSE by the above presented methods

Methods of calculating the area of a spatial triangle
by spatial coordinates of its vertices | by differences of the coordinates of its two sides by Heron’s formula
Area P‘Dl =171483 m? Area Pd)2 =17150,4 m? Area Pd); =17146,7 m>
MSE m, =199 m? MSE m, =200 m? MSE m, =198 m?
(17148,5 + 199) m?

Recommendations and conclusions

The conducted research confirms that the compatible balancing of coordinates of the vertices of real
estate objects and all directly measured distances between their vertices provides for a significant
increase of the precision of area determination. However, the accuracy of area measuring will depend
on the precision of measuring distances. In practice, the errors of distance measurement are insignificant
as compared to the errors of determining coordinates of the polygon vertices, and therefore, it is not
necessary to calculate corrections to distances while making balancing. Using a half of measured
distances for balancing does not increase precision of the area measuring. Determination of the area of
real estate objects by balanced coordinates provides for advanced efficiency of the geodesic supply for
the real estate cadaster. In the process of balanced calculations, the distances, measured by coordinates
of the object’s vertices and directly measured, are agreed, and it is possible to determine significant
errors of measuring by the residuals of conditional equations.
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