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An implicit function can be represented only in numerical format. For example, the figure of the geoid
of the Earth as a surface of equal potentials in the final version is provided by a set of numerical data,
based on which its graphical representation is built. Such a presentation does not allow analytical studies
of surface features. This situation also occurs in other cases of presenting the function in the implicit
form. Determining the analytical form of the geoid shape is the main task of the theory of the shape of
the Earth. At the same time, the theory of implicit functions makes it possible to propose another method
of establishing an analytical representation of a function given in the implicit form. The use of Taylor’s
formula for functions of multiple variables with a preliminary definition of the derivatives for the
function being studied gives the necessary representation. At the same time, the accuracy of the
approximation is controlled by the number of members of the Taylor series, and the derivatives
themselves are calculated analytically using mathematical software packages. The proposed
representation algorithm is valid both for one and for a set of functions determined from the system of
equalities.

Keywords: Taylor’s formula, algorithm, approximation, implicit functions

International Conference of Young Professionals “GeoTerrace-2022”
3-5 October 2022, Lviv, Ukraine



GT?rrca)ce EAGE

Conference

Introduction

The main purpose of geodetic measurements is their usage for further determination of the necessary
quantities from the equations connecting these quantities. The relationships between the measurements
and calculations are represented by analytical expressions, which makes it possible to evaluate the
behaviour of these relationships and perform the entire sequence of mathematical research, including
the assessment of the accuracy of parameter calculations based on measured values (Kaplan 2003,
Alpha, 1984). However, in some cases, it is not possible to express the desired value due to the
parameters that determine it. The definition of the geoid of the Earth as a surface of constant potential
is the most striking example of the impossibility of expressing these values. Also, the determination of
the angles of a triangle by its sides applying the theorem of sines is another example of this
impossibility. In such cases, the unknown quantities are determined by solving equations or their
systems (mostly, not linear) and cannot be considered as the basis for analytical studies. Therefore,
there is a need for an analytical (perhaps approximate) presentation of the function.

Methods

In many cases, these relationships are not presented by “closed” formulas, but in the form of equalities
(Hlotov et al., 2022, Fys et all., 2020), which in most cases are not linear and set the dependence between
the studied elements. In mathematics, this way of presentation is called the implicit form of a function.
As for the case of describing a function with an analytical expression, almost all aspects of its usage are
considered. Instead, for an implicit form of a function much less attention is paid due to the inconvenient
way of representation and its bulkiness. In the functional sense, the listed relationships are completely
equivalent. Note that classically non-linear relations are reduced to the linear ones using Taylor’s
formula for functions of multiple variables (Rubin 1976), although modern mathematical software
allows us to calculate values from non-linear relations as well. However, the obtained relationships
between values are presented in numerical form, and cannot be used for analytical studies. It is possible
to apply methods of approximation of functions to obtain analytical expressions. However, several
additional questions arise in the process of approximating functions. That is why, in the future, we will
turn to a slightly different approach to establishing relationships based on the theory of implicit
functions. To do this, let’s outline the features of the implicit way of defining the function. Recall that
the domain of the implicit function can be established only using numerical experiments; because in
most cases the relationship is obtained in numerical form by solving nonlinear equations or their
systems. The domain of the function is a set of all possible values of the arguments for which there is a
solution. In the theory of implicit functions, the existence of such functions is studied very detailedly
(Zorych 2019). In most cases, all these conditions are declarative. It is worth noting that for a function
of one variable (Nemytskyi et al., 1957) a corresponding theorem is given as well as an algorithm and
conditions for its convergence under certain conditions, this allows us to construct such functions by
consecutive approximations. In practice, their usage is limited because of the growing complexity of
expressions, which is illustrated by the example below in this article. At the same time, there is another
possibility for determining the approximate analytical form of the function in the form of its expansion
into a Taylor series. Consider a simple case of a function of two variables,

F(x,y)=0. (1)
If the Lipschitz condition (Zorych 2019) for the variable y and the conditions of the Goursat theorem
are satisfied, then at the point (x,,y,) =0 the value of the function F(x,,y,) =0 and there is the

unique solution of equation (1). In contrast to the iterative process (Zorych 2019), we present the
approximate solution (1) by a Taylor series at the point X

n y(m) ( X )

yn(x):}’(x())+z—0(x_x())m- (2)
m=1 m'

The series in formula (2) may converge under some conditions. Since the analytical representation of

the function is unknown, we determine its derivatives from (2), applying the theory of implicit functions

and consecutively differentiating equality (1) n times. Let us write down some such derivatives:
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yi) = -2V, 3)

F (x,y)

o FL(xy)+2F, (x,3)y'(x)+ F, (x,y)(y'(x)* _(F,+F,y"’
y'(x) = ; = . : 4)
F (x,y) F,
Let

(F +Fy)' =F{ +CF Uy + CrF 2 (v) + L () (5)

The general form of the formula for the 7 -th order derivative fails. Therefore, we limit ourselves to the
second derivative to take control of the calculations in other ways, in particular, according to the
algorithm described below.

The derivative of the 7 -th order can be obtained by successive differentiation of equality (3), therefore

_F.(x.y)

y'(x)= = F(x,y).
Fy(x.y)
Then,
d|F(x,y)|_ d 0 0
() == | 2N D 1)) = 2 (R )+ (B ) y' = F(x ).
y'(x) dx(Fy(x’y) o (BGy) = (Fx.) ay( 16, 0)) Y= F(x,y)
Continuing the differentiation, we obtain the 7 -th order derivative in the form

d 0 0
y(x) = -E(F,l_l(x, ) ZE(F"“(X’”) +5(Fn_l(x, M)y (6)

This method is more convenient, it can be implemented with the help of computer mathematical
packages, consistently applying formulas (6). In addition, this approach is universal for all cases of
implicit functions. It is sufficient only to define the derivatives of the first order, and the derivatives of
higher orders are already defined by the above algorithm. The only obstacle in the implementation of
such a technique is the limitation of RAM because analytical representations of intermediate results are
stored. Practically, the cyclic execution of finding derivatives is not provided for in the mathematical
packages. Therefore, it is necessary to “manually” write down expressions for derivatives.

The obtained result can be generalized to the case of a function of multiple variables.

F(x,%,,...,x,,2) =0. (7
The equation (7) for the arguments (xv Xysenes xn) defines the value z = f(xp Xyseons xn). Write
down Taylor’s formula (Nemytskyi et all., 1957) for the function z :
— — 0 0 0 Sl _.0 d _ .0 0 5 0 .0 0
Z—f(xl,xz,...,xn)—f(xl,xz,...,xn)+mzz;% (x1 xl)a+...+(xn xn)a Fx a1, (8)

1 n

9 oY B (=), =2)" a2 0, m
[(xl—x?)a)q+...+(xn—x3)%J SR )=t D, { QL] YR S22

ity +. 4, =m

(€))

To get numerical values of formulas (8), and (9), we need to determine the partial derivatives

m 0 .0 0
0" f (x{ 2%z '_"xn) ~ We calculate these derivatives using the above algorithm, differentiating the equation
ox!'...0x"

(7) by variables X,,X,,...,x,. Thus,

o of of
. _ 0z ox, . _ 0z ox, .02 ox
===, === ..., = =—-—x (10)
% 0x, of % Ox, of % Ox, of
0z 0z 0z

Derivatives of higher orders are calculated by consecutive differentiation (10), for example, the second
derivatives are determined as
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. a(z,
L (11)
T Ox,
To continue, we consider the application of this approach to the system of functions. Let the system of

equations be given by

G (u,....u,,x,....x,) =0,

(12)
G,(u,...,u,,x,....,x,) =0,
with the solution
u, = fi(xl;---9xn)’
e (13)
u, = f,(x,....x,).

: .. 0G : : : : .
To determine the derivatives —, successively differentiate the equations of the system (12) according

X

to the rules of differentiation of composite functions,

2 0G, Ou; | 0G, _
el Wi B d N
= Ou, Ox, Ox,
J J (14)
j=12,...,n
2 0G, Ou, , 0G, _
n L=,
= Ou, Ox; Ox;
We can rewrite the system of equations (14) using matrix notation
Ou, Ou,  Ou, Ox; 0x;
9, 9, 96, 9y %G, (15)
AX =b, where A=| 0u, Ou,  Ou, | X=|0x; | b=—| 0x
0G, 0G, 0G, u,, 0G,,
Ou, Ou,  Ou, Ox; Ox;

The key feature of the system (15) is the independence of the matrix of coefficients A from the index
Jj - This suggests solving it by the inverse matrix method.

Ou, (Uy,y... Uy, Xps.o. X,)
Ox;
Ou,y (Uys.. Uy, Xy se.. X,) (16)
X(ul,...um,xl,...xn):Aflb: Ox; ,
Ou, (U,...u,,X,... X,)
Ox .

J
Derivatives of higher orders are found by consecutive differentiation of relation (16), calculated at the
decomposition point and substituted into Taylor’s formula. As a result, we obtain an approximate
analytical expression for the examined function. Let us illustrate the described algorithm on the example
of finding the dependence of the angles’ measures of a triangle on its measured sides,

0':¢(a,b,c), ﬁ:w(aabac)’ y:X(a’b’C)’ (17)

Using the law of cosines, the triangle’s angles are

a’+b* - ¢? a’+b* - ¢? a’+b* -c?
a =arccos| —— |, [ =arccos| —— |, y=arccos| ——— |, (18)
2ab 2ch ac
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Moreover, applying the law of sines, we have
a b c

sing sin 8 - sin y
This means the dependence of angles @, B3, ) on sides a,b,c can be approximately found from relation

, a+B+y=n (19)

(19) applying the described algorithm. For example, the table below shows the approximation for the
first three terms of Taylor’s expansion for angle )/ with

a=b=20, ¢=20\3, a,=h,=18, c¢,=c=193, Ab=NAa=2, Ac=+/3.

Table 1 First three approximations for determining triangle’s angles according to Taylor’s formula

Initial 1t 2nd 3rd
Exact value approximation | approximation | approximation Total
1
value 0'0,,30 AO’,Aﬁ Aza,Azﬁ A3a,A3,6’
a 120 132.167 -15.111 3.3997 0.2439 120.212
,8 30 23.816 7.555 -2.0201 0.1356 30.303

The results of the table show that the initial approximations (column 3) differ significantly from the
exact values, successive approximations (columns 4, 5, 6) significantly improve the values of the
parameters, and the total values of the error in the third approximation give the errors of 0.17% for &

and 1, 01% for 5.

Conclusions

The application of the theory of implicit functions allows obtaining derivatives of these functions of
arbitrary orders, which provides an approximate representation of implicit functions by the Taylor
series. The area of convergence for the obtained values for Taylor’s formula is performed in a wide
range of parameter changes. Comparison of the results of calculations based on the explicit and implicit
presentation of functions for a specific example confirms the feasibility of the proposed approach and
the possibility of its use in the practice of processing geodetic measurements.
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