
 

 
International Conference of Young Professionals “GeoTerrace-2022” 

3-5 October 2022, Lviv, Ukraine 

GeoTerrace-2022-061 
 

Calculation of corrections to the spherical approximation of the 
components of the Earth’s anomalous gravity field 
 

A. Sohor, *A. Brydun, M. Fys, B. Dzhuman (Lviv Polytechnic National University) 
 

SUMMARY 
 

 

The spherical approximation is mapping the points of the ellipsoid with geodetic coordinates to the 
points on the sphere, the spherical coordinates of which are assumed to be the coordinates of the 
points on the ellipsoid. Moreover, the values of the first order and terms of higher orders are 
neglected. It is necessary to find the same mapping by numerical comparison of geodesic coordinates 
on the ellipsoid and the sphere, but with the preservation of the first-order values. Therefore, it is 
logical that to obtain higher accuracy in calculations of the components of the anomalous gravitational 
field of the Earth, ellipsoidal corrections should be taken into account. The methodology of such 
scientific research consists in the expansion of some arbitrary element F of the anomalous 
gravitational field (disturbing potential, geoid height, gravity anomaly, etc.) in a series according to a 
small parameter characterizing the deviation of the reference ellipsoid from the sphere. The height of 
the geoid, the gravity deviation, the gravity anomaly, and other similar elements of some function F0 
on the sphere are uniquely determined through the basic function of the perturbing potential T0 using 
spherical relations. The corresponding functions F will be the values of the elements on the ellipsoid 
and are also uniquely related to T=T0 using some ellipsoidal formulas. Thus, the functions F1 can be 
defined. Based on our research of the components of the anomalous gravitational field of the Earth, 
we can summarize the following. Since the gravity anomaly practically does not depend on the 
displacement of the reference coordinate system, the ellipsoidal correction cannot be taken into 
account when calculating the Earth’s force field. However, the gravity anomaly depends quite 
strongly on the harmonics of the second degree, in particular, on the second zonal harmonic 
coefficient C20, and therefore on the compression f of the reference ellipsoid. The obtained value of 
the ellipsoidal correction e2Δg2

1 is of the same order as modern high-precision gravimetric satellite 
data, so it must be taken into account when determining the Earth’s force field. The results of the 
calculations performed in the spherical approximation showed that there is a strong dependence 
between the height of the geoid and the displacement of the reference coordinate system. Ellipsoidal 
corrections e2N1

1, e2N2
1 and e2N3

1 must also be taken into account, since their values are of the same 
order as modern high-precision altimetric-gravimetric calculations of the anomalous gravitational 
field of the Earth. Thus, the novelty and relevance of such scientific solutions lie in the expediency of 
considering ellipsoidal corrections when determining the anomalous Earth’s gravity field. Neglecting 
these corrections on average for the territory of Ukraine gives an error in the order of accuracy of 
modern gravimetric satellite data and altimetric-gravimetric calculations of the Earth’s anomalous 
gravity field 
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84), European regional geodetic system (European 1950) 
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Introduction 
 
Almost all physical geodesy formulas are based on a spherical approximation. It gives an error that is 
neglected in most practical applications. The calculation of the anomalous gravitational field or disturbing 
potential of the Earth does not apply to such a case, modern gravimetric satellite data have now increased 
their accuracy by an order compared to the recent past. Once such an error was an order smaller than the 
accuracy provided by gravimetric satellite data of that time (Dvulit, 2008). It is logical that to obtain higher 
accuracy in the calculation of the components of the anomalous Earth’s gravitational field as the difference 
between the values F of the real and normal gravitational potential, ellipsoidal corrections should be taken 
into account (Lelgemann, 1973, Lemoine et. al., 2019, Zingerle et. al., 2019). The methodology of such 
scientific research is based on the fact that some arbitrary element F of the anomalous gravitational field 
(disturbing potential, geoid height, gravity anomaly, etc.) is expanded in a series according to a small 
parameter characterizing the deviation of the reference ellipsoid from the sphere (Heiskanen & Moritz, 
1967). Due to the small values of the listed above parameters, squares and higher powers of   can be 
neglected. Let’s try to represent each element of the anomalous gravitational field in the same way. It 
depends on the position of the point in space which is expressed, for example, by geodetic coordinates   

(latitude) and   (longitude). In this case 

     0 2 1, , , .F F e F        

Since the function  ,0F  corresponds to 0e , it can be considered as a function on a certain defined 

sphere, for example, on the average Earth sphere with radius 23 6371R a b km  . Moreover, the 

coordinates   and   are spherical coordinates on this sphere. Thus, it is possible to establish a one-to-one 
mapping of the reference ellipsoid onto a sphere with a radius R  by projecting a point with geodesic 
coordinates  ,  on the ellipsoid to a point with spherical coordinates  ,  on the sphere (the values 

  of   and   are the same for both points). Both the novelty and relevance of scientific solutions lie in 

the expediency of considering ellipsoidal corrections when determining gravity anomalies g and geoid 
heights .N  Neglecting these corrections on average for the territory of Ukraine gives an error in the order 
of accuracy of modern gravimetric satellite data and altimetric-gravimetric calculations of the Earth’s 
anomalous gravity field.  
 
Methods 
 
Finding corrections to geoid heights. The height of the geoid N is related to the disturbing potential T by 

the formula (Heiskanen & Moritz, 1967) 

T

N  , where  is the normal value of the gravity acceleration 

on the ellipsoid. An approximate formula for calculating the normal value of the gravity acceleration can 
be written  







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4

3
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Simplifying, we get a formula for calculating the height of the geoid 



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Considering 0  as a constant spherical quantity that corresponds to the ellipsoidal value  , we obtain the 

value of the height of the geoid in the spherical approximation 00

0
0


TT

N  . So, 

120 NeNN  ,where 0N  is the zero term of the expansion, which can be obtained from the spherical 

approximation; 12Ne  the ellipsoidal correction or expansion term characterizing the deviation of the 

reference ellipsoid from the sphere. The value of 0N  can be calculated from the expansion into a series of 
spherical functions  
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where Anm and Bnm are Stokes constants;  sinnmP  are associated Legendre functions (Heiskanen & 

Moritz, 1967). The ellipsoidal term of the expansion 1N can be related to 0N  as  

021 sin
4

3

4

1
NN 





   .     (2) 

Let’s first find the first term of the expansion of the series (1). When n=1, we get 
 cossincoscossin0

1 yxzN      (3) 
Using the formula (3), we can see how the geoid heights depend on the rectangular coordinates of the 
displacement of the system. To trace the numerical characteristic 0

1N , let us set the initial rectangular 
coordinates of the displacement of the parameters of the regional geodetic system (for example, the well-
known European regional geodetic system European 1950) in the global geocentric system WGS 84 
(Sohor, 2019): 4251 ; 0.14192702 10 ; 87 ; 98 ; 121 .a m x m y m z m                
 
Having the appropriate displacement coordinates  zyx  ,, , we can find the numerical characteristic of 

the spherical approximation 0
1N . It is necessary to choose a point O  with spherical coordinates , . It is 

quite appropriate to choose as a point  ,O    the center of the spheroidal trapezoid into which the 

territory of Ukraine fits, since this point will be located near the geographical center of Ukraine with the 
coordinates  3.480 ,  8.300 (Sohor & Sohor, 2019). 

 
Hence, we finally get  

mN 4.1730
1  .      (4) 

Let us now calculate the element of the ellipsoidal correction 1
1N . Substituting numerical values, we get 

mN 1.291
1  . Then, the entire ellipsoidal correction 1

1
2Ne  is 

mNe 19.01
1

2  .      (5) 

Let us now investigate the term of the second power of the expansion of the height of the geoid 0N  into a 
series of spherical functions, that is, for n = 2, the series (1) can be written as 

    )(sin2sin2cos)(sinsincos)(sin
1

2222222121212020
0
2 


PBAPBAPAN  .  (6) 

For point  00 ,O , the zero term 0
2N of the expansion is  

mN 1.23240
2  .      (7) 

Formula (7) clearly shows a strong dependence between the height of the geoid and the second zonal 
harmonic coefficient 20.C  Let us now examine the ellipsoidal correction 1

2
2Ne . Applying formula (6) to 

the point  00 ,O , we first write down the quantity 1
2N . Substituting numerical values, we get 

mN 7.3901
2  . Then the entire ellipsoidal correction 1

2
2Ne  is 

mNe 6.21
2

2  .      (8) 
Since the results of calculations (8) indicate to us quite a large ellipsoidal correction in absolute value, we 
carry out an additional investigation. Let us find the term of the third power of the expansion of the height 
of the geoid 0N  into a series of spherical functions. For n = 3, the series (1) is 

 
   
30 30 31 31 310

3

32 32 32 33 33 33

(sin ) cos sin (sin )1
.

cos2 sin 2 (sin ) cos3 sin 3 (sin )
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N

A B P A B P

   
      

   
  

     
 (9) 

For point  00 ,O , the zero term 0
3N of the expansion is 

mN 0.670
3  .      (10) 
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Let us now examine the ellipsoidal correction 1
3

2Ne . Applying formula (9) for the point  00 ,O , we 

first write down the quantity 1
3N . Substituting numerical values, we get mN 3.111

3  . Then the entire 

ellipsoidal correction 1
2

2Ne  is 

cmmNe 6.7076.01
3

2  .      (11) 

From the calculations (11), we can say that the error for the heights of the geoid N due to the neglect of the 
ellipsoidal correction 1

3
2Ne  on average for the territory of Ukraine gives a value of  7,6 cm. It has the 

same order of accuracy as provided by modern altimeter-gravimetric calculations of the anomalous 
gravitational field of the Earth. 
 
Calculation of corrections to gravity anomalies. The gravity anomaly can be represented in the form 
proposed by Moritz in (Heiskanen & Moritz, 1967) 

120 gegg  ,      (12) 
where 
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and Gnm and Hnm are values associated with Stokes constants. Write down the first term of the expansion 
g , (Sohor & Sohor, 2019)  

1
1

20
11 gegg  . 

Since n = 1, then 00
1 g . The spherical approximation 0

1g  is zero, so the element of the ellipsoidal 

correction 1
1g  should be investigated. It can be written as (Sohor & Sohor, 2019) 

 1
1 10 10 11 11 11

1
(sin ) (sin ) cos sin .g P G P G H

R
             (13) 

Let’s find the numerical characteristic of the ellipsoid correction element 1
1g . Choose the center of the 

spheroidal trapezoid into which the territory of Ukraine fits, that is, the point  00 ,O . Substituting the 

values calculated above into formula (13), we find (Sohor & Sohor, 2019) 
251

1 /100.2 smg   or mGalg 0.21
1  . 

Therefore, the value of 1g  is  

1 0.01 .g mGal        (14) 

It is well known that the term of the first power 1g of the expansion of the anomaly of gravity g , as 
transformants of the perturbing gravitational potential, into a series of spherical functions indicates a 
displacement of the coordinate system (see (Sohor & Sohor, 2019, Heiskanen & Moritz, 1967, Lelgemann, 
1973) for details). The linear term 1g  causes an impact on the gravity anomaly due to the displacement 
of the reference coordinate system. 
 
Now, consider the influence of the term 2g  of the second power of the expansion in a series of spherical 
functions, taking into account its ellipsoidal correction on the gravity anomaly. Then formula (12) can be 
rewritten in the form  

1
2

20
22 gegg  .      (15) 

For point  00 ,O ,we calculate the zero term of the expansion 0
2g . It equals to 

0
2 350 .g mGal        (16) 

The results (16) clearly show a strong dependence between the gravity anomaly and the second zonal 
harmonic coefficient С20.  
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Let us now examine the ellipsoidal correction 1
2

2 ge  . Using formulas (15) and the results of calculations 

(16), for point  00 ,O , we find the numerical characteristic of the element of the ellipsoidal correction 
1
2g . We get the value 

231
2 /10857.1 smg  or mGalg 7.1851

2  .    (17) 
Then the entire ellipsoidal correction takes the following value (Sohor & Sohor, 2019): 

2 1
2 1.24 .e g mGal          (18) 

From the results of calculations (18), we can say that the error for gravity anomalies due to the neglect of 
the ellipsoidal correction on average for the territory of Ukraine gives a value of  1,24 mGal, which has 
the same order of accuracy as provided by modern gravimetric satellite data. 
 
Conclusions 
 
Based on the performed studies of the components of the anomalous gravitational field of the Earth, we 
can summarize the following: 

There is a strong dependence between the height of the geoid and the displacement of the reference 
coordinate system, which is shown by the results of calculations in the spherical approximation (4). 
Ellipsoidal corrections 1

1
2Ne , 1

2
2Ne  and 1

3
2Ne  must also be taken into account, since their values, 

presented respectively in the form of results (5), (8) and (11), have values of the same order as modern 
high-precision altimeter-gravimetric calculations of anomalous gravity fields of the Earth. Anomaly of 
gravity g  practically does not depend on the displacement of the reference coordinate system. This is 

demonstrated by the results of (14), so the ellipsoidal correction 1
1

2 ge   can be disregarded when 
calculating the anomalous gravitational field of the Earth. The anomaly of gravity strongly depends on 
the harmonics of the second degree, in particular, on the second zonal harmonic coefficient С20, and 

therefore on the compression f of the reference ellipsoid. Ellipsoidal correction 1
2

2 ge   must also be 
taken into account, since its value, presented in the form of (18), has a value of the same order as 
modern high-precision gravimetric satellite data. 
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