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SUMMARY 

 
 

The full-scale war that is currently taking place on the territory of Ukraine against the Russian invaders 
has clearly shown the huge role played by UAVs in military operations. In addition to the combat and 
reconnaissance use of these devices, there is also the process of aerial photography, which makes it 
possible to process digital images not only with high resolution, but also to obtain high-precision terrain 
coordinates, necessary for pinpoint destruction of enemy targets. However, in order to perform the aerial 
survey process, as is known, it is necessary to comply with a number of requirements for the means of 
its implementation. First of all, it is certainly the horizontality of the flight, which makes it possible to 
reduce the angular external orientation elements (AEOE) of the cameras in order to improve the 
accuracy of obtaining coordinates of the terrain points. The authors of this publication came up with the 
idea that the AEOE of UAVs is dependent on each other. As a result of research, this fact is confirmed 
by experimental data by establishing correlations between the elements α, ω, κ. On the basis of the 
numerical data of the experiments, the dependence of the parameters α, ω on the element κ is 
approximated, and the values of AEOE are found for which the error in determining the coordinates is 
minimal It should be noted that the angle κ was taken as the basis, since in most aerial survey UAVs an 
aerial device is installed to compensate for this angle, i.e., it is minimized in flight. 
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Introduction 

 

The spatial position of the UAV significantly affects the accuracy of determining coordinates on the terrain 
(Hlotov, Marusazh, & Siejka, 2019). We can say that the smallest error will be in the case of parallel 
movement of the device to the shooting surface, because in this case the picture is in the horizontal plane, 
and essentially only the plan coordinates are determined, and the height of the UAV position gives the 
spatial coordinate z. When designing UAVs, various approaches are proposed to reduce the angles of 
inclination by stabilizing the UAV. In particular, a non-linear suboptimal stabilizing control strategy based 
on the control of Liapunov functions is used (Santos et. al., 2013), controllers based on neural networks 
and traditional systems using PID controllers are used (Vodichev and Chemen, 2021), etc. Let's consider 
some publications in which the results of research on the determination of pitch, roll and yaw angles are 
given in order to further reduce the angles of inclination and influence on the measurement results. In the 
article (Blagitko, Mochulskyi, Zayachuk, & Kit, 2013) a mathematical model was proposed and a 
numerical experiment was conducted to verify the stabilization and controllability of the quadcopter. The 
input data are: the shooting height, the values of the pitch, roll, and yaw angles and their changes over 
time. Using the example of automatic flight along the "horizontal eight" route, it is shown that this model 
allows you to effectively determine the stable flight parameters of an unmanned quadcopter. In the 
publication (Vodichev and Chemen, 2021), two variants of helicopter-type UAV flight stabilization are 
considered: the use of controllers based on neural networks and traditional systems using PID controllers. 
Graphs are provided that show the difference between the set and actual pitch roll and yaw angles, which 
makes it possible to evaluate the advantages of using each of the controls. From the graphs, it can be 
concluded that it is more rational to use regulators based on neural networks, compared to PID regulators, 
because due to the ability to learn the neural network, it can improve its characteristics and ensure stable 
flight. In the paper (Melnikov, Kireev and Smolych, 2012), the authors conducted a study of the possibility 
of using an accelerometer and a gyroscope to determine the AEOE. The task was performed using the 
AVR ATmega16 microcontroller and the optimal recursive Kalman filter algorithm implemented in it. 

This device allows you to determine angles α and ω with errors of ±1°– 3° in constant mode, and ±3°– 

10° in dynamic mode. It should be noted the low price (~$100) of the gyroscope. The device in 
combination with a PID controller can be used to stabilize a UAV. In the publication (Wierzbicki and 
Krasuski, 2020), the authors emphasize the importance of determining the EOE of images. The article 
presents separate mathematical methods (TGC, TIC, TAD) of EOE estimation for images obtained at low 
altitudes. Data for the test experiment were obtained using a Trimble UX-5 UAV. Aerial photography was 
carried out from a height of 150 m, as a result, 506 images and navigation data were obtained, specifying 
the position and orientation of the UAV. As a result of the conducted research, the possibility of the 
usefulness of mathematical models has been proven (TGC - which allows you to determine the linear 
EOE based on the navigation data of the GNSS receiver installed on the UAV, TIC - which allows you to 
determine the AEOE based on the parameters of roll, pitch, yaw angles registered by the INS sensor, TAD 
- which allows you to determine linear and KEZO in the digital aerotriangulation model) when evaluating 
AEOE. In the article (Hlotov et. al., 2021), an experimental study was also carried out to stabilize the 
angular EOE of the Cetus UAV. The authors made a comparative analysis of the values of the yaw, roll 
and pitch of the Cetus UAV for each route and presented graphs. But the relationship between AEOE has 
not been investigated. Therefore, the question arises about the possibility of establishing such values of 
AEOE for which the error in determining the coordinates is minimal. At the Department of the 
Photogrammetry and Geoinformatics at the Institute of Geodesy, measurements were made of the values 
of the AEOE for a specific type of UAV and a specific trajectory. On the basis of these data, the 
relationship between the values of AEOE was studied. In particular, in (Hlotov et. al., 2019, Fys, Yurkiv 
and Lozynskyi 2021), the multiple correlation coefficient and the parameters of the linear regression 
equation for AEOE of digital images are calculated. In addition, statistical evaluations of the quality of 
the obtained regression model were carried out. The analysis of the data obtained allowed us to assert that 
there is a relationship between the AEOE. With further processing of images of materials, it becomes 
possible to compensate for this fact and improve the accuracy of calculating the spatial coordinates of 
points. To study the relationship between the pitch α, roll ω and yaw κ, a sample of one hundred units was 
used from observational data obtained from the autopilot record file of the Arrow-type UAV, developed 
and created by the specialists of Lviv Polytechnic National University and the company "Abris" (Hlotov 
et. al., 2019). 
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In this study, the approach to finding the connection between AEOE was changed, that is, the parameter 
κ (yaw) determined by the content of the task was taken as an independent variable, and the other two 
elements α (pitch), ω (roll) were dependent (functions) on its variables. For visual illustration, graphs 
of these functions are constructed using experimental data (Figure 1). 

 
Figure 1 Graphs of functions ω(κ), α(κ) that demonstrate dependences of AEOE. 

 

Visual analysis allows us to draw a conclusion about the periodicity of the functions ω(κ), α(κ). Then 
we approximate them by a finite sum of trigonometric polynomials and determine the optimal values 
of AEOE accordingly. To do this, we formulate the problem and give an algorithm. 
 

Methodology 

 

Let it is given function ���� on the interval ��, �	. Its representation as a sum of trigonometric 
polynomials up to and including the N-th degree has the form 


���~ 
�
2 � � 
� cos���� � �� sin����

�

���
. 

To carry out such an approximation, we will use the well-known results of computational mathematics, 
which we derive due to a somewhat unusual uneven division of the interval in the approximate 
determination of the coefficients. Let's replace the variables 
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series are determined as follows 
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Coefficients 
�,  ��,  with the tabular values of the argument and the function, are easiest to find using 

the formulas for calculating integrals by the method of rectangles 
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Let's return to the variable � again in the previous formulas, using the substitution (1). We have: 
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dependence ω(κ) dependence α(ω) 
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∆�0 � 2 
� + 
 ��09� + �0�. 

Thus, after substituting the last ratios into the expressions for 
�,  ��, we will obtain formulas for 

determining the coefficients of the expansion of the function into a trigonometric polynomial based on 
the known values of the function at discrete points. 
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and the trigonometric approximation of the function will take the form: 
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Results of investigations 

 

Let us apply the described method to the approximation first of the functions ω(κ), α(κ), and then to the 
determination of the optimal values of the parameters α, ω, κ.  
 

According to observations data, we have: , ,
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so 
 � +1.60,   � � 6.71. Thus, to determine the trigonometric polynomials approximating the 
functions ω(κ), α(κ), we use formulas (2). Therefore, we obtain the expressions for ω(κ). 

1

1
0

1

1

0

2
cos 2 ( ),

2
sin 2 ( ),

n
i

m i i i

i

n
i

m i i i

i

a
a m

b a b a

a
b m

b a b a

ω

ω

κω π κ κ

κω π κ κ

−

+
=

−

+
=

− = − − − 

− = − − − 




                                     (4) 

and for α(ω) next formulas 
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From here, according to formula (3), we can write the approximation of the functions ω(κ) and α(κ) by 
trigonometric polynomials up to the 7-th order inclusively in the form: 
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and the values of coefficients 
�,  �� in expressions (6), which were calculated according to formulas 
(4)-(5) for the functions ω(κ) and α(κ), respectively, are presented in the table 1. 

 

Table 2. Values of coefficients 
�,  �� for functions ω(κ) and α(κ) 

Values of coefficients 0m =  1m =  2m =  3m =  4m =  5m =  6m =  7m =  

maω
 

2,124 0,212 -0,788 -1,294 0,825 1,957 0,532 -0,788 

mbω
 

0 0,531 -0,174 0,189 -0,760 -0,586 0,264 0,877 

maα
 

12,353 -0,571 0,644 1,043 0,422 0,343 0,882 0,808 

mbα
 

0 -0,361 0,193 0,790 0,425 -0,326 -0,178 0,678 
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To determine the optimal values of the parameters α, ω, and κ, we will construct a new function 
2 2 2( ) ( ) ( )S κ ω κ α κ κ= + + , using formulas (6) to approximate α, ω, and will find the value of κ for 

which this function reaches a minimum on the interval �
, �	. Thus, we proceed to the optimization 
problem 

[ ]2 2 2( ) ( ) min, ,a bω κ α κ κ κ+ + → ∈
.    (7) 

The results of numerical modelling and the solution of problem (7) give the following optimal values 
of the AEOE κ =0.409, α=2.509, ω =2.314.  
 
Conclusions 

 

The proposed method makes it possible to obtain the optimal values of AEOE, and this provides an 
opportunity to improve the accuracy of determining the coordinates of terrain points based on digital 
images obtained as a result of the aerial photography process. 
 
Minimization of errors when determining coordinates is achieved by predetermined parameters of the 
AEOE, which greatly simplifies the error calculation algorithm. 
 
In further research, it is planned to carry out a detailed test of the proposed algorithm in order to finally 
prove the possibility of its application to various types of aerial UAVs. 
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