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SUMMARY 

The paper presents the principles of using mathematical modelling in irrigation management 
and design of irrigation systems from the point of view of reducing environmental risks 
arising due to the infiltration of irrigation water. We propose to use Richards’ equation in 
one-dimensional approximation for the case of sprinkling irrigation, in two-dimensional 
approximation in the case of drip irrigation, along with its fractional-differential 
generalization to increase the accuracy of processes’ modelling in soils the structure of which 
can be considered as fractal. 
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Introduction 
 
Irrigated agriculture, being an efficient technology, can carry environmental risks related to flooding, 
salinization, and inefficient use of water resources. Increasing short- and medium-term economic 
benefits along with reducing these long-term risks is one of the main problems in the development of 
technical and technological means of irrigation. 
 
Main components of solving the mentioned problems are the use of water-saving irrigation methods 
(varieties of drip and low-pressure irrigation) and the use of decision support systems (DSSs) in 
irrigation management (Rinaldi and He, 2014; Romashchenko et al., 2019a). A combination of 
hydrological and crop development models, as well as remote sensing tools (see, e.g. Droogers and 
Bastiaanssen, 2002), is the basis of effective DSSs. 
 
Hydrological models used in irrigation management are usually based on regression analysis of 
experimental data, the use of soft computing, or differential mathematical models of moisture and salt 
transport (see, e.g. Kim et al., 2021). Among these classes of models, it is the latter that allow without 
significant corrections to carry out predictive modelling when irrigation regimes, soil, or crop 
parameters are changing, assessing, in particular, irrigation water losses due to infiltration that, in 
turn, can lead to the development of flooding and secondary salinization. 
 
In the context of the above-mentioned, in this paper we systemize our developments regarding 
mathematical modelling of soil processes under irrigation in the context of minimizing environmental 
risks caused by infiltration of irrigation water. 
 
Method and Theory 
 
Conducting irrigation with ecologically safe rates that minimize or eliminate water losses for 
infiltration and, accordingly, the development of flooding and salinization processes, is possible 
(Romashchenko et al., 2022) if, particularly, the following provisions are complied: 

• tensiometric pressure of soil moisture is used as a criterion for the level of moisture supply 
and availability of moisture for plants; 

• water retention curves are used to determine the level of field capacity (FC), pre-irrigation 
threshold, and optimal narrow range of high level moisture availability for plants; 

• the equation of unsteady moisture transport in soils (Richards' equation, Richards, 1931) 
stated in terms of pressures is used for predictive calculations of irrigation schedules and 
rates. 

 
The implementation of these provisions varies among irrigation methods. 
 
In the case of sprinkling irrigation, it is sufficient to use one-dimensional approximation of mass 
transfer processes’ models. To increase the accuracy of modelling in the case when soils can be 
considered as porous media of fractal structure (Pachepsky and Timlin, 1988), fractional-differential 
generalizations of Richards’ equation can be applied (see, e.g. Pachepsky et al., 2003). They are based 
on the corresponding generalizations of Darcy's law (Ochoa-Tapia et al., 2007) and the mass 
conservation law (Wheatcraft and Meerschaert, 2008). For modelling purposes, we recommend to use 
mass transport equations stated in terms of soil moisture potential, rather than soil moisture content. 
 
Prediction of the change in soil moisture state in the root-containing zone of the soil under sprinkling 
irrigation is proposed, in particular, to be carried out using the following moisture transport equation 
(Romashchenko et al., 2021a): 



Monitoring’2022  

 

 

XVI International Scientific Conference “Monitoring of Geological Processes 
and Ecological Condition of the Environment” 
15–18 November 2022, Kyiv, Ukraine 

 

( ) 1 ( )( ) ( ( ) ) ,0 , 0t z
HD H C H D k H S z L t
z

β α− ∂ = − ≤ ≤ ≥ ∂ 
,                            (1) 

where H  is the water head, 1( ) HC H
θ

− ∂
=
∂

, θ  is the volumetric soil moisture content (%), ( )k H  is 

the hydraulic conductivity, S  is the extraction function that models the interaction between plants’ 
root systems with the soil, ( )

tD β  is the fractional-order Caputo derivative (Podlubny, 1999) with 

respect to the time variable in the form ( )

0

1( , ) '( , )( )
(1 )

t

tD H t z H t z t d
Г

β βτ τ
β

−= −
− ∫ , ( )

zD α  is the 

similar derivative with respect to the spatial variable, 0 , 1α β< ≤ . 
 
Inputs of models that describe moisture transport under irrigation on the base of Richards’ equation 
include water retention curves of the soil, the dependency between hydraulic conductivity and 
pressure, as well as the range of maintained level of moisture content in the root zone of the soil 
(Campbell et al., 1982). This range depends on the FC value. Let us note that the traditional and most 
common methods of determining FC, particularly the method of flooding plots, significantly 
overestimate its value provoking a higher level of soil moisture content during irrigation and creating 
prerequisites for unjustified losses of irrigation water due to infiltration beyond the root layer of the 
soil. Therefore, we suggest using the laboratory method of FC determination on soil monoliths within 
the studies on the determination of water retention curves of the soil described in detail in 
Romashchenko et al. (2019b). As shown by the results obtained using this method, the values of FC 
determined by the criterion of gravitational moisture flow intensity are, in general, smaller by several 
volume per cents when compared with FC values for the same type of soil determined by the method 
of flooding plots. 
 
Let us also note that when using the moisture transport equation stated in terms of moisture potential 
it is logical to use suction pressure as an indicator that is instrumentally monitored on-farm to correct 
predictive calculations and to get initial conditions. Watermark tensiometric sensors are often used for 
its measurement as a part of such automatic weather stations as iMetos or Devis. 
 
The model based on Equation (1) described in Romashchenko et al. (2021a) is used for the purpose of 
operational management of sprinkling irrigation where it is critical, including from the standpoint of  
environmental risks, to predict the time of the next irrigation since the technical process of water 
supply is stretched in time. Different situation occurs under drip irrigation that allows prompt and 
accurate water supply. In this case, irrigation management is often automatic (see, e.g. Obaideen et 
al., 2022) and the main problem is to determine an environmentally safe irrigation regime and design 
parameters of irrigation system that is especially critical in the case of subsurface pipeline placement. 
 
For the problems of modelling transport processes under drip irrigation we suggest to use models 
based on an equation similar to (1) in two-dimensional approximation (Romashchenko et al., 2019b). 
The approach described in Romashchenko et al., (2019b) consists of identification (on the base of the 
data for a single watering) of model parameters’ values that are difficult measure directly and of 
correction factors that reduce the influence of measurement, model, and numerical method errors on 
simulation results. Using this approach, the average accuracy of volumetric moisture content 
modelling was reported to have an order of ~1%. Previous experimental results also confirm 
theoretical expectations regarding transpiration and evaporation processes from the near-surface soil 
layers. An example of simulation results is shown in Fig. 1. 
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Figure 1 Distribution of water heads (shown in solid colour) during irrigation (~1 day from the start 
of the simulation). The lines show the function of moisture extraction in root zones 
 
On the base of two-dimensional modelling of moisture transport under drip, in particular subsurface 
drip, irrigation the practically important problems of determining the design parameters of the system 
and of substantiating an environmentally safe water supply regime can be solved. For the problem of 
determining the depth of drip pipelines installation and the distance between them, we propose to use 
the objective function in the form of costs for the creation and operation of the system and to solve the 
corresponding optimization problem with a genetic algorithm. It is proposed to choose the water 
supply regime after determining the design parameters of the system on the base of the results of 
scenario modelling. As a starting hypothesis we assume that plants’ root systems develop most 
actively in the zones of moistening from emitters. The corresponding zones are found by the method 
of successive approximations, after which the losses of irrigation water due to infiltration as well as 
the level of moisture reserves usage are estimated. The consideration of a series of scenarios allows 
determining the regime that provides the most efficient use of irrigation water with minimal 
ecological risks. 
 
In this case the modelling according to the hydro-physical characteristics of 20 types of soils of 
Ukraine showed that when using the high-frequency pulse regime of subsurface drip irrigation, the 
indicator that has the highest correlation with moisture flows below the 1 m layer is the filtration 
coefficient of the soil, while the use of moisture reserves is the smaller, the less is the value of FC in 
terms of pressure. 
 
Conclusions 
 
In the conditions of climate change, the highest efficiency and environmental safety of irrigation is 
achieved when irrigation management and substantiation of systems’ parameters are performed using 
decision support systems that implement predictive and scenario modelling of moisture and mass 
transport processes. Upon that, irrigation that maintains moisture content in the root layer of the soil 
in a narrow range of high levels ensures obtaining yields at the level of 0.85-0.9 of the potential of 
varieties and hybrids of irrigated agricultural crops simultaneously reducing the cost of irrigation 
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water per unit of yield and minimizing the probability flooding and secondary salinization 
development. 
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