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SUMMARY 

In connection with significant growth in the number of natural and man-made disasters, further 
development of monitoring systems of the geological environment by using modern mathematical 
approach and newest information technologies becomes relevant. An important component in the 
environmental monitoring system is local monitoring of such territories, where potentially dangerous 
objects are located. A complex of geophysical studies was carried out on Rivne NPP industrial area 
territory. The greatest interests among these important monitoring observations are radioisotope study 
of density and moisture of soil built along all perimeter of buildings. During these studies, it became 
necessary to model additional data to the subject of research data, that were obtained by monitoring 
changes in the density of the chalk strata on the territory of the studied industrial area by using 
radioisotope methods on a grid that included 29 wells. Such a problem was solved in the work by the 
method of statistical modeling, which makes it possible to get additional values of observational 
parameter (a random field of the object of study in a three-dimensional area) at any point in the 
observation area. At the same time, the average values of the density of the chalk stratum on the 
territory of the industrial area of the Rivne NPP were modeled by using the аdvanced model and the 
spherical correlation function (optimal in the mean square approximation). Based on the spectral 
decomposition, a statistical model of the distribution of the average density of the chalk stratum in 3D 
area was constructed and аdvanced algorithm for statistical modeling using a spherical function was 
developed. In the work of 2019 the spherical correlation function was used for modeling, in this work 
the refined formula is given for the spectral coefficients of the same function. On the basis of the 
developed software, the realizations of the density of the chalk stratum on the observation grid of the 
required detail and regularity was obtained. A statistical analysis of the results of numerical 
simulation and checking them for adequacy was carried out. 
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Introduction 
When solving actual problems of geophysical monitoring of the geological environment, an important 
task is the simulation of a random field in 3D. The paper studies data on the density of the chalk layer 
on the territory of the industrial area of the Rivne NPP. The studied data is divided into deterministic 
and random components. The deterministic component is selected by the method of approaching the 
minimum curve (the so-called trend highlighting). The difference between the card input density 
values and the trend is in most cases a homogeneous isotropic random field (random components). 
The random component is proposed to modeling on the basis of well-known spectral decomposition 
of random field with spherical соrrelation function in 3D area. The іmproved algorithm of statistical 
simulation of Gaussian isotropic random fields with this соrrelation function using the spectral 
representation was considered in this paper. Different methods of statistical simulation of random 
field in 3D area with spherical соrrelation function based on its representation by stochastic sums 
were considered in following papers (Chiles and Delfiner, 2012; Vyzhva, 2011, Vyzhva et al., 2018a, 
2019, 2020) and other. In the work of 2019 (Vyzhva et al., 2019) the spherical correlation function 
was used for modeling, but in this work the refined formula is used and we got a more accurate 
simulation result for this соrrelation function. 
 
The theorem about spectral representation of homogeneous isotropic random fields, 
approximation theorem and іmproved algorithm for spherical соrrelation function 
A real-valued homogeneous isotropic random field ),,( ϕθξ r  (where r, ),,( ϕθξ r  are spherical 
coordinates) we consider on the 3D area. On 3-D Euclidean space R3, square-mean isotropic random 
field ),,( ϕθξ r , which is continuous real-valued admit the spectral decomposition by garmonic's 
spherical this result was obtained earlier (Yadrenko, 1983; Vyzhva, 2003, 2011, p.208). On 3-D area 

)(ρB we are considering the соrrelation function of the homogeneous isotropic random field 
),,( ϕθξ r  which depends on distance ρ  between the vectors x, y ∈ R3 (x = (r, θ1 , ϕ1) ,  y = (r, θ2, 

ϕ2): 𝑝𝑝 = 𝑟𝑟�2(1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) = 𝑟𝑟 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜓𝜓/2), where 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is angular distance between vectors x, y ∈ R3 : 
.)(cossinsincoscoscos 212121 ϕϕθθθθψ −+=  

For the considering random field in 3D space, in the case of solving the problems of statistical 
modeling of realizations of a random field in 3D space on a figured real random value, the spectral 
decomposition of the random field is used. Let adduce that decomposition. 
Theorem 1. Let on 3-D space with zero mean a mean square continuous realvalued homogeneous 
isotropic random field ),,( ϕθξ r is and it is random field admits (Vyzhva, 2011, p.210) the spectral 
decomposition:  
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mZ  is a sequence of 

orthogonal random measures on Borel subsets from the interval [0,+∞), i. e.  
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here )(λΦ  is the bounded nondecreasing function (and so-called spectral function). 
The spectral density is determined by the function of the form ( ) ( ) /f d dλ λ λ= Φ and it can be 
obtained the correlation function in the form of an integral  
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The spectral coefficients bm(r) are defined by the spectral density ( )f λ  of the isotropic random field 
ξ(r, θ, φ) on 3D space next way: 
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On the basis of spectral decomposition (1) coefficients (5) are considered the statistical simulations of 
random fields on the 3D space realizations.  
The approximation model is built using series (1) which consists of partial sums, and the model has 
the form:  

𝜉𝜉𝑁𝑁(𝑟𝑟,𝜃𝜃,𝜑𝜑) = ∑  ∑ 𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚
𝑙𝑙=0

𝑁𝑁
𝑚𝑚=0 𝑃𝑃𝑚𝑚𝑙𝑙 (𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃)� 𝜁𝜁𝑚𝑚, 1

𝑙𝑙 (𝑟𝑟) 𝑐𝑐𝑐𝑐𝑐𝑐 𝑙𝑙𝜑𝜑 + 𝜁𝜁𝑚𝑚, 2
𝑙𝑙 (𝑟𝑟)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 �,𝑁𝑁 ∈ 𝛮𝛮.  (6) 

To construct a statistical modeling of realizations of a homogeneous isotropic random field on a three-
dimensional spatial algorithm, a root-mean-square approximation of the random field ξ(r, θ, φ) from 
model (6) is required. 
Further we used the mean square estimate from (Vyzhva et al., 2018b) of the mean square 
approximation of random fields on the 3D space. 
Note, that we described the algorithm for statistical simulation of realizations of Gaussian 
homogeneous isotropic random fields ξ (r, θ, φ), which was constructed on the basis of model (6) and 
estimate from (Vyzhva et al., 2018b), but for Bessel type соrrelation function, on papers (Vyzhva et 
al., 2018a, 2018b) and for spherical соrrelation function (Vyzhva et al., 2019, 2020). 
For the statistical simulation of Gaussian isotropic random fields on 3D space with spherical 
correlation function we constructed the improved algorithm at this paper. In this case, the spherical 
correlation function has form:  
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On the based spherical correlation function (7) the spectral density was obtained as improved of 
formula compared to work 2019 (Vyzhva et al.,, 2019):  
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are calculated the spectral coefficients, which correspond to the spherical correlation function (7) and 
spectral density improved formula of random field ξ(r, θ, φ). 
 
The іmproved algorithm  
1. The natural number N, which is summation limit, is chosen according to the required accuracy 

0ε >  of the approximation of the model (6). In this case, for the spectral coefficients (9) of the 
model (6), the condition is fulfilled:  5𝜋𝜋𝑟𝑟3

2𝑁𝑁2
𝜇𝜇3 ≤   𝜀𝜀, (10) 

where  
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𝜋𝜋 ∫ [( 3
𝑎𝑎𝑎𝑎
− 12

а3𝜆𝜆3
) 𝑐𝑐𝑐𝑐𝑐𝑐(𝑎𝑎𝑎𝑎) − 12
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0 𝜆𝜆2𝑑𝑑𝑑𝑑,𝐾𝐾 = 𝐾𝐾(𝑎𝑎) − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.  
2. For the spherical correlaton function (7), the coefficients bm(r), m=0, 1, 2, …N are calculated as 

the integral (9). 
3. Let's model the sequences of independent Gaussian normal random variables which have the form  
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 which satisfying the conditions (3) with spectral coefficients (9).  
4. By substituting the numbers N, values bm(r), m=0, 1, 2, …N, 

{ }, ( ) , 1, 2; 0,1, 2,... ; 1,..., ;l
m k r k m N l mς = = =

 obtained in the previous points, 
sequences of Gaussian random variables into formula (6), calculate the realization of the random 
field ),,( ϕθξ r  at the given point (𝑟𝑟𝑖𝑖 ,𝜃𝜃𝑗𝑗 ,𝜑𝜑𝑝𝑝), 𝑖𝑖 = 1,2, . . . , 𝐼𝐼; 𝑗𝑗 = 1,2, . . . ,𝐺𝐺; 𝑝𝑝 = 1,2, . . . ,𝑃𝑃. 

5. Check whether the realization of the random field ),,( ϕθξ r  generated in step 4 fits the data by 
testing the corresponding statistical characteristics (distribution and соrrelation function )(ρB ). 

The statistical simulation of realizations of the Gaussian isotropic random fields ),,( ϕθξ r  with 
spherical соrrelation function can be done by means of this algorithm. 
 
About statistical simulation methods of random fields dataset (chalk layer density data) with 
spherical соrrelation function in 3D area on Rivne NPP example  
Complex geophysical research was conducted on Rivne NPP industrial area territory. The greatest 
interests among these important monitoring observations are radioisotope study of density and 
moisture of soil built along all perimeter of buildings. In this case the problem of data scrap is solved 
by adding simulated data to measurement data, that is received at the control density variance of 
chalky strata in the territory of industrial area investigated using radioisotope methods on a grid that 
included 29 wells. Statistical simulation of the object of research was performed at three levels (28, 
29, 30 meters from the surface). 
For each level, plotting the data graphs showed that the deterministic component and the random 
component differed from each other. On the each level input data from the surface is a random field 

1 2 3( , , ), 1, 2,3; 28 , 29 , 30 .ix y z i z m z m z mη = = = =  𝜂𝜂(𝑥𝑥,𝑦𝑦, 𝑧𝑧𝑖𝑖) = 𝜂𝜂𝑖𝑖(𝑟𝑟,𝜃𝜃,𝜑𝜑) , here (𝑟𝑟,𝜃𝜃,𝜑𝜑) is 
spherical coordinates and is level number. For each level were selected the random component 

),,( ϕθξ rі  (or that the same: homogeneous isotropic random field) and trend ),,( ϕθrf i  were 
selected: 

𝜂𝜂𝑖𝑖(𝑟𝑟, 𝜃𝜃,𝜑𝜑) = 𝑓𝑓𝑖𝑖(𝑟𝑟,𝜃𝜃,𝜑𝜑) − 𝜉𝜉і(𝑟𝑟,𝜃𝜃,𝜑𝜑), 𝑖𝑖 = 1,2,3.   (11) 
The final stage was the imposing array of realizations 𝜉𝜉і(𝑟𝑟,𝜃𝜃,𝜑𝜑), і = 1,2,3. what we got by statistical 
simulation in add points from observations area on the approximation of real data. As a result, in the 
selected area we received more detailed realizations for the chalk layer density data. 
We received realizations of the random component on the study area with double detail, according to 
іmproved algorithm. The built variogram (Fig. 1) of these realizations has the best approximation by 
theoretical variogram which is connected to the spherical correlation function (7) for parameter 
a≈1,25*10-2 (a mean square deviation is 1,42*10-3). This confirms better adequacy of simulated 
realizations to the real research chalk layer density data. 
 The spectral coefficients, which correspond to the spherical correlation function (7) of random field 
𝜉𝜉(𝑟𝑟,𝜃𝜃,𝜑𝜑), are calculated by іmproved formula (9) with parameter a ≈ 1,25*10-2. These spectral 
coefficients (9) we used in proposed above algorithm. The statistical simulation of realizations of the 
Gaussian isotropic random fields ξ (r, θ, φ), i=1, 2… with spherical соrrelation function (7) can be 
done by means of this іmproved algorithm. 
The built variogram of realizations on the study area (Fig. 2) has the best adequate approximation by 
theoretical variogram which is connected to the spherical correlation function (a mean square 
deviation is 3,9*10-4). This result is better, than 4,8*10-4 in paper (Vyzhva et al., 2020). 
Note, that we described on paper (Vyzhva et al., 2014) the statistical simulation algorithm for this 
random field ξ (r, θ, φ), which was constructed on the basis another model and with Bessel type 
соrrelation function. 
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Figure 1 The variogram of input data arrays 
of chalk layer density, corresponding to 
spherical correlation function (a≈1,25*10-2)  

Figure 2 The variogram of іmproved simulated 
data arrays of chalk layer density, 
corresponding to spherical correlation function 
(a≈1,25*10-2) 

Conclusion 
The more accurate statistical simulation of random field on 3D area with spherical соrrelation 
function implementations makes it possible to generate additional data of chalk layer density data on 
Rivne NPP. The refined formula of the spherical correlation function showed sufficient reliability in 
modeling in this paper and may be useful in solving the actual environmental geophysical monitoring 
problems. It can also be used to detect abnormal areas for gravimetric and aircraft magnetometry data 
(Vyzhva et al., 2018a). There are many objects of statistical simulation methods application in 
important task of geosciences, among them is soil science and environmental magnetism (Menshov et 
al., 2015).  
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