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SUMMARY 

 

An objective assessment of the current hydrochemical state of water bodies is complicated by 
the limited number of regular studies of chemical ingredients. The chemical composition of 
water should correspond to the natural state of water bodies and ensure the normal 
functioning of a typical ecosystem. The reliability of the conclusion on the hydrochemical 
state of water bodies should not be lower than 99%, as environmental protection measures 
require significant material costs. The parametric Wald theory was used to determine the 
water status classes. This theory guarantees high reliability of the assessment and is adapted 
to short series of observations. Based on Wald's theory, an approach to estimating the 
confidence interval of the trend in the concentration of chemical indicators was developed. 
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Introduction 
In the EU countries, non-parametric criteria are used to define classes of water status. The 90th 
percentile of a series of observations is used, which is short for one year and consists of 12 members. 
At the same time, the WMO Hydrological Practices Guide (WMO, 2008) emphasizes the expediency 
of using parametric and nonparametric criteria together. To determine the classes of water status, we 
used the parametric Wald theory, which guarantees high reliability of the assessment and is adapted to 
short series of observations (Kharin, 2013; Aschepkova, Bogdanov, 2016).  
The point of calculating the trend of physicochemical indicators is to assess the effectiveness of the 
applied environmental protection measures based on the increase or decrease in the concentration of 
individual components over the management cycle (EU WFD, 2000; Khilchevskyi & Grebin, 2017). 
At the same time, the purpose of calculating trends using widely used methods, such as the Least 
Squares (LSM) or Mann-Kendall, is different: to obtain a line that passes as close as possible to each 
experimental point. Therefore, to make a reliable conclusion about the nature of the trend, it is 
necessary to estimate its confidence zone. We propose to implement this task using Wald's theory. 
 
Research materials 
As input materials, we used a series of long-term data on the chemical composition of surface waters 
obtained from the hydrometeorological observation network of the State Emergency Service of 
Ukraine. The assessment of water classes is demonstrated on the example of monthly observations of 
O2 concentrations in the water of the Tysmenytsia River, Drohobych; the Sadzhava River, Dolyna 
during 2021; and in the water of the Desna River, Litky (1999). The estimation of the trend 
confidence zone is shown on the example of monthly observations of P-PO43- and O2 during 2021 in 
the Sadzhava River, Dolyna. 
 
Theory 
Let's consider the main provisions of Wald's theory on the transformation of a sequential sum of 
values of a random variable (ingredient concentrations) into a sequential criterion for the ratio of the 
probabilities of alternative hypotheses, i.e., the Wald criterion.  
Theoretical basis of the Wald criterion. The criterion is based on the idea of choosing between two 
hypotheses: "null hypothesis" H0 and "alternative hypothesis" H1. In this case, the choice is made in 
such a way that the sequential sum of the values of the characteristic under study (in our case, the 
concentrations of the component ) falls into one of three zones: 1) the zone of realization of the 
"null hypothesis" H0, 2) the zone of realization of the "alternative hypothesis" H1, 3) the zone of 
uncertainty, which is located between the limit of realization of the "null hypothesis" H0 and the limit 
of realization of the "alternative hypothesis" H1. It is important to note that the limits are calculated 
taking into account the first (I) type error α and the second (II) type error β, which accompany the test 
of the hypothesis H0 and the test of the hypothesis H1.  
Hydrochemical prerequisites for the implementation of the Wald criterion. The prerequisites are 
considered on the example of water classes based on the dissolved oxygen content. The second class 
corresponds to a "good" condition when the O2 concentration exceeds 7 mg/dm3. In this case, the 
"null hypothesis of a "good" condition is a statement that 12 monthly concentrations of dissolved 
oxygen follow a statistical distribution law with parameters μ0, σ, namely H0: μ0=7, σ, n=12. The 
third class characterizes the "satisfactory" state, in which the concentration of dissolved oxygen O2≥4 
mg/dm3. In this case, the alternative hypothesis states that the 12 monthly dissolved oxygen 
concentrations follow a statistical distribution law with parameters μ1, σ, namely H1: μ1=4, σ, n=12. 
Following Wald's theory as presented by V. Urbach (Urbach, 1975), the laws of statistical 
distributions of concentrations associated with the hypotheses H0: μ0=7, σ, n=12 and H1: μ1=4, σ, 
n=12 were considered as Gaussian: 
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Algorithm for calculating Wald's criterion. Let's define the conditions under which the hypothesis H1: 
μ1=4, σ, n=12 can be rejected. Note that the law of statistical distribution of concentrations 
corresponding to the "satisfactory condition" cannot be realized with a probability close to 1, so 
there is a probability α (error of the first kind) that the hypothesis H1: μ1=4, σ, n=12 is not realized. In 
this case, the probability of realization of the 3rd class will be , and the rejection of the 
hypothesis H1: μ1=4, σ, n = 12 will be realized under the condition .. At first glance, if the 
"alternative hypothesis" H1: μ1=4, σ, n=12 is rejected, then it seems that we can accept the "null 
hypothesis" H0: μ0 = 7, σ, n = 12. However, we cannot accept the hypothesis H0: μ0=7, σ, n=12 until 
we take into account the type II error β, whose probability does not exceed β when . To 
summarize, let's combine the inequality  and the inequality  into one inequality: 
 

       (3) 

Similarly, let us define the conditions under which the "null hypothesis" H0: μ0=7, σ, n=12 can be 
rejected and the "alternative hypothesis" H1: μ1=4, σ, n=12 accepted: 
 

 , which is equivalent to     (4) 

та  were represented, respectively, by the joint probability density functions, which made it 

possible to convert  into the resulting ratio: 

 

    (5) 

Inequality (5) contains the definition of the lower probability boundary of the zone of realization of 
the "null hypothesis" about "good" water status, namely: "lower probabilistic boundary of the zone of 
"good" water status": 
 

;       (6) 

as well as the upper probabilistic limit of the zone of realization of the "alternative hypothesis" about 
the "satisfactory" state of water, namely: "upper probabilistic limit of the zone of "moderate" water 
status": 
 

,       (7) 
 
Assessing the reliability of a trend according to Wald's theory 
To use Wald's theory to assess the reliability of trends, it is necessary to resort to the fundamental 
concept of "infinite population" introduced by him. In this case, a trend line calculated using the LSM 
with 50% confidence is considered a single sample from a set of similar realizations. The main 
provisions of Wald's theory of transforming a sequential sum of values of the concentrations of the 
component  into a sequential criterion for the ratio of probabilities of alternative hypotheses about 
the growth or decline of a trend are similar (3–5). It is important to note that the reliability of the trend 
is determined by the variance of the concentrations of the component x: the greater the variance, the 
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lower the reliability. Therefore, first of all, the trend in the concentration of chemical ingredient x is 
calculated using the LSM method: yx.  
Algorithm for assessing the reliability of the trend according to the Wald criterion. The algorithm is 
based on the procedure of choosing between three hypotheses: 1) "null hypothesis H0" when there is 
no trend; 2) "alternative hypothesis H1" when the trend is increasing; 3) "alternative hypothesis H2" 
when the trend is decreasing. In this case, the choice to reject or accept the hypothesis is made in such 
a way that preference is given to the hypothesis, the realization zone of which includes a consistent 
sum of the values of the concentrations of the trend ∑у and the chemical ingredient x, namely: 1) the 
zone of realization of "alternative hypothesis H1" when the trend is increasing; 2) the zone of 
realization of "alternative hypothesis H2" when the trend is decreasing; 3) the zone of realization of 
"hypothesis H0", which is located between the boundary of realization of "alternative hypothesis H1" 
and the boundary of realization of "alternative hypothesis H2". The boundary η1 of the hypothesis H1 
realization zone and the boundary η2 of the hypothesis H2 realization zone are determined taking into 
account σ y and the 99% confidence interval σ y: η1,2 = σ y ± Δσ y,99%. Then the limit value of the lower 
boundary of the realization of hypothesis H1 about the growth of the trend will be η1 = σ у + Δσ у,99%, 
and the limit value of the upper boundary of the realization of hypothesis H2 about the fall of the 
trend will be η1=σ у – Δσ у,99%. 
The estimates of the trend reliability limits are demonstrated on the example of monthly observations 
of phosphate during 2021 in the Sajava River at the Dolyna observation point. Accordingly, the 
hypothesis H1, taking into account the lower limit of trend growth, was presented in the form: H1: 
η1=0.29; σ, n=12. Similarly, hypothesis H2, taking into account the upper limit of the trend decline, 
was presented in the form: H2: η2=0.04; σ, n=12. First, we determined the conditions under which the 
hypothesis H2: η2=0.04; σ, n=12 about the trend decline can be rejected. It should be noted that the 
law of statistical distribution of concentrations of the "growth trend hypothesis"  cannot be 
realized with a probability close to 1, and, as a result, there is a probability α (error of the first kind) 
that the hypothesis H1: η1=0.29; σ, n=12 is not realized. In this case, the probability of realization of 
the "falling trend hypothesis" will be , and the rejection of the hypothesis H2: η2=0.04; σ, 
n=12 will be realized under the condition . At first glance, if the hypothesis H2: η2 = 0.04; σ, 
n=12 is rejected, then there is an opportunity to accept the "alternative hypothesis" H1: η1=0.29; σ, 
n=12. However, we cannot accept the hypothesis H1: η1=0.29; σ, n=12 until we take into account the 
type II error β, the probability of which will not exceed β when .. Further, on the basis of 
(5), the sequential sum of trend concentrations  was associated with the boundaries and zones: 
1) "the lower probability limit of the zone of realization of the hypothesis of the trend growth H1"; 
2) "the upper probability limit of the zone of realization of the hypothesis of the trend decline H2". 
Thus, the algorithm for assessing the reliability of a trend includes: 1) determination of hypotheses: a) 
"null hypothesis H0" when there is no trend; b) "alternative hypothesis H1" when the trend is growing; 
3) "alternative hypothesis H2" when the trend is decreasing; 2) setting the level of statistical 
significance of the study: α (0.01; 0.05) and β (0.01; 0.05); 3) calculation of the trend of 
concentrations of chemical ingredient x using the LSM: y x; 4) estimation of the standard deviation σ 

y 
of concentrations y x; 5) estimation of the confidence interval Δσ y,99%; 6) calculation of the lower 
boundary of the realization of hypothesis H1 about the growth of the trend: η1=σ у+Δσ у,99%; 
7) calculation of the upper limit of the realization of hypothesis H2 about the trend decline: η1=σ y – 
Δσ y,99%; 8) calculation of the lower probability limit of the zone of realization of hypothesis H1 about 
the trend growth ξ1; 9) calculation of the upper probability limit of the zone of realization of 
hypothesis H2 about the trend decline ξ2; 10) calculation of the sequential criterion of the ratio of the 
probabilities of realization of hypothesis H1 or hypothesis H2; 11) assessment of the trend reliability. 
 
Resalts 
The water class in the Tysmenytsia River at the observation point in Drohobych in terms of dissolved 
oxygen concentrations in 2021 cannot be classified as either "good" or "moderate" with a 99% 
confidence. The line from 07.01.2021 to 11.03.2021 was between the lower limit of the "good" 
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state and the upper limit of the "moderate" state. Instead, it can be stated with 99% confidence that the 
water quality of the Sadzhava River (Dolyna) was better than "moderate" until 06.09.2021 (Fig. 1). 
After that, the  line was well below the upper limit of the "moderate" state. Similar analysis 
results were obtained for the Desna River and the village of Litky. The  line after 01.27.1999 
was significantly below the upper limit of the "moderate" state. 

 
Figure 1 Consistent assessment of the water class of the Sadzhava River (Dolyna) with 99% 
confidence 
 
Changes in phosphate concentrations (mgP/dm3) from 01.27.2021 to 12.09.2021 in the water of the 
Sadzhava River (Dolyna) indicated an upward trend, which was confirmed by the trend line yh(trend,50%) 
calculated using the LSM, which is only 50% reliable. Therefore, the upper and lower boundaries of 
the 99% confidence zone of the trend indicated that there was no reason to assert either an increase or 
decrease in phosphate concentrations for the period 01.27.2021 – 09.12.2021. 
Fundamentally different results were obtained based on the Wald theory. Assessment of the trend in 
phosphate concentrations using the consistent ∑P criterion made it possible to assert with 99% 
confidence that the trend was neutral from 01.27.2021 to 10.13.2021 and its further growth. 
 
Conclusions 
1. The algorithm of the Wald criterion allows to reliably determine the class of water, taking into 
account the first and second kind of error, as the results of measurements of chemical concentrations 
in short series of observations are received. 
2. The algorithm for assessing the reliability of chemical ingredient trends based on the Wald criterion 
allows detecting trends in chemical ingredients, taking into account the first and second type of error, 
based on short series of observations. 
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