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SUMMARY 

 
 

The work considers the possibility of prompt elimination of systematic errors arising from 

measurements in the field. Because it is not always the possibility to investigate the causes of 

occurrence and eliminate them, the proposed method taking into account systematic errors of linear 

measurements using angular one’s elements. Use of well-known ratios between linear and angular 

elements allows you to take into account corrections to linear measurements and get more reliable 

their values. The given technique is tested on a specific example and confirms the expediency of its 

use. 
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Introduction 

 

Any measurement is necessarily accompanied by errors, which are divided into systematic 

and random. If there is no way to eliminate random errors, then in the presence of systematic 

errors (which can be quite significant), they are attempted to be excluded. Although statistical 

methods of analysis make it possible to identify these errors, they do not specify an algorithm 

for their elimination. In this regard, the observer has to analyze the measurement process and 

identify the causes of their occurrence. Therefore, as a result of measurements, it is necessary 

to make pre-determined constant corrections. To find them, you need to use additional 

conditions. This is primarily due to the fact that the pointing direction is determined reliably 

and practically without distortion (except for refraction). At the same time, the positioning of 

the total station and reflector plays a significant role in linear measurements. Among the 

scientific papers that investigate this issue, the following should be noted: Ahmed, 2021, 

Yang & Gao, 2019, Trevoho et al 2023. Here, the authors investigate the use of machine 

learning methods to correct systematic errors in GNSS positioning and geodetic leveling with 

a practical possibility of taking them into account. In addition, the researchers show how 

modern algorithms can improve measurement accuracy and propose new approaches to 

minimize residual errors. Scientists also pay a lot of attention to compensating for residual 

systematic errors in laser scanning/ in particular, in the works (He & Hu, 2017, Sossa et al 

2023, Li et al, 2020) a new approach has been developed that combines geostatistical methods 

and filtering to reduce residual errors and improve the accuracy of three-dimensional models. 

This issue is also covered in the articles (Fys et all, 2022, Fys et al, 2021, Oleskiv et al, 2023, 

Zayats et al, 2021) 
 

Method 

 

When measuring the sides of  and the angles of  errors occur that are 

characteristic of each device (systematic). Since there are redundant measurements, they can 

be used to partially compensate for the effect of these errors on the measurement results. The 

errors of angular measurements are insignificant compared to linear measurements, so we 

will only determine linear deviations in the following. Linear and angular quantities are 

related to each other by the cosine or sine theorems. Let's consider each of them separately. 

 

 
Figure 1 Location of the main calculation elements 

 

I. A method involving the cosine theorem 

Assuming that the measurement errors of the reflector-device system are systematic for 

such pairs, we will introduce a correction when processing the measurements  

(Goryainov, 2018). To write the equation, we will use the fact that the angular elements 

are determined more reliably than the linear elements. The sides and angles of a triangle 

are related by the cosine or sine theorems, for example, in the first case, equality holds : 

. Which can be written as follows:  
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The solution to the incomplete quadratic equation is as follows: 

 

    (1) 

 

The above formulas make it possible to immediately determine the error. Obviously, a more 

detailed analysis is required when using it. But it is possible to take into account three 

conditions for determining the correction. Applying formula (1) for each of the angles, we 

have values that differ slightly from each other and need to find a balanced value, for which 

we compose the nonconvexity function and look for its minimum (Bolshakov, 1989): 

 

 

  (2) 

 

The derivative of which gives the equation for finding the parameter p: 

 

 

 

Obviously, the solution can only be found approximately using numerical methods, and we 

will evaluate the accuracy of the correction p later in the paper. Formulas for derivatives are 

cumbersome. Therefore, in the future, we will practice taking derivatives using mathematical 

packages, which significantly reduces the amount of mathematical transformations and the 

likelihood of their erroneous determination. 

 

II. Using the sine theorem to determine the systematic error 

The correction  can be found in the sine theorem for two angles:  

 

Note that in the case of an isosceles triangle, the formula does not hold. Similarly to the 

previous step, we compose the disjunction function based on the sine theorem: 

. 

 

 

, here we find it: 

 

 
 

The accuracy estimate here is calculated traditionally, and therefore it is possible to compare 

the results of the calculations with the given accuracy estimate for the implicitly defined 
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function. In many problems, the determination of values is carried out not directly by 

formulas, but by solving functional relations. Simply put, the relationship between the desired 

parameter p and the measured values  represented by the function. 

 

                                                     (3) 

 

It is found by solving a nonlinear equation using one of the approximate methods (half-

division, Newton, simple iteration). Here, we ignore the errors of the approximation method, 

assuming that the calculations are performed with "machine zero" accuracy. The value of p is 

a function of the variables , i.e., it can be written down: 

 

,                                                     (4) 

 

The error of its calculation  (4) is determined by the generally: 

 

We define the derivatives of  from equation (3) as derivatives of an implicitly given 

function, i.e.. Therefore, next formula is written in our notation as follows: 

 

 
 

III.  Results of the numerical experiment 

To conduct the numerical experiment, we measured the horizontal angles and distances in the 

network in the form of a triangle in the metrology laboratory of the Institute of Geodesy 

(Fig. 2). The measurement results are presented in Table 1. 

 

 
Figure 2 Schematic of the experiment network 

 

Tabl. 1 Measurement results for determining the residual systematic error 
Title Meaning SCP, "  

/ mm 

Title Meaning SCP, " / 

mm 

ɑ,  fractions of  ° 22,168258 2'' a, m 4,657 0,5 

β,  fractions of  ° 31,875147 2'' b, m 6,513 0,5 

γ,  fractions of  ° 125,949180 2'' c,  m 9,980 0,5 

 

Using the above formulas, we calculate the residual systematic error. The data are presented 

in Table 2. 

Tabl. 2 Error values obtained on the basis of equilibration 
The way of 

balancing 

Residual systematic 

error, mm 

Root mean square of residual 

systematic error, mm 

The cosine theorem -5.8 3.2 

The sine theorem -9.9 1.1 
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Conclusions 

 

Prior to the measurements, we deliberately introduced an incorrect value of the reflector's 

constant correction of -7 mm to test the sensitivity of our methodology. As with the cosine 

and sine theorem, the residual systematic error is determined reliably and is close to the one 

we distorted. It should be noted that the residual systematic error may also contain errors in 

the measurement of angles. This technique can also be used to assess the reliability of special 

geodetic networks. 
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