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The existing level of numerical methods of geodetic and cartometric operations does not correspond
to the current level of development of computer geographic information technologies, and standard
tools of instrumental geographic information systems use approximate numerical methods. The
approximation of these methods is to use, as a rule, a Taylor series with a limited number of terms
without considering the Earth's curvature. This does not ensure their effective use in geoinformation
analysis and modelling. The study's relevance is substantiated by the need to improve these methods
by moving from approximate to rigorous numerical methods and using the reference ellipsoid surface.
Previous studies have shown that standard methods of instrumental geographic information systems
are not strict, but approximate, since mathematical models use a limited number of terms in the Taylor
series. The research aims to apply rigorous mathematical methods to improve the accuracy of
analytical and numerical methods of geodetic and cartometric operations in geographic information
systems. The advantage of the proposed analytical and numerical methods of cartometric, geodetic,
and morphometric operations on the reference ellipsoid is that they significantly increase the accuracy
of calculating the metric characteristics of geospatial objects due to the proposed numerical methods.
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Introduction

Earlier, a systematic analysis was performed from the past to the present state of the application of
cartometric operations on analogue maps using approximate numerical methods of calculation, and a
tendency to increase research to improve the accuracy of cartometric operations in the geographic
information environment was established (Karney, 201 1a; Karney, 201 1b; Pedzich and Kuzma, 2012;
Karney, 2013; Marx, 2021; Windarni et al., 2021; Martinez-Llario et al., 2023; Gleick et al., 2023;
Kin, 2024). The result of this analysis is four stages of development of geodetic and cartometric
methods and it is determined that the fourth stage is underway today: the development of
geoinformation rigorous computer methods.

It should be noted that the 12 cartometric, geodetic, and morphometric operations discussed in
this paper are performed in a GIS environment without the ability to set the accuracy of the input
data for determining cartometric characteristics. This is being replaced by rigorous computer
methods that allow to determine the metric properties of a terrain object with the accuracy set by
the user.

Previously, each operation was studied separately for the integration or expansion of numerical series
of subintegral functions to program these operations in the PostgreSQL/PostGIS and MATLAB
environments. In this study, the following limitations were established (Kin, 2024):

1. the mathematical model of a biaxial reference ellipsoid is used since this model is currently in
force in Ukraine;

2. all rectangular coordinates are corrected for reduction to the reference ellipsoid; the issue of
heights and their reference systems was not considered separately here;

3. numerical methods were considered with the maximum appropriate number of terms in the
binomial series of subintegral functions, and the use of up to 6 terms is considered an
approximate numerical method that does not meet the requirements for the accuracy of the
considered calculations;

4. double precision data type is used, which takes up 64 bits or 8 bytes in memory by
the IEEE 754 standard.

The investigated numerical and analytical methods allow for determining the metric properties of
geospatial objects directly on the reference ellipsoid with high accuracy. The research aims to apply
rigorous mathematical methods to improve the accuracy of analytical and numerical methods of
geodetic and cartometric operations in geographic information systems.

Method and Theory

For each geodetic and cartometric operation, a passport of the coordinate operation and the
corresponding method was developed by the international standard 1SO 19127:2019 Geographic
information — Geodetic codes and parameters. The implemented cartometric, geodetic and
morphometric operations in the geographic information system made it possible to determine the
metric properties of geospatial objects on the reference ellipsoid by preliminary mathematically based
methods.

The author of (Volkov, 1950) identified the factors influencing the accuracy of determining the metric
properties of objects on a map, namely, the sources of errors during measurements on maps:

the accuracy of the planned position of object vertices on the map;

the accuracy of the geodetic reference network;

the accuracy of the topographic surveying method;

the graphic accuracy of the scale;

the colour shift error when printing maps.
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These factors may relate to one of the factors that affect the accuracy of determining the area of
parcels, namely the accuracy of determining the turning points of parcel boundaries.
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To assess the accuracy of determining the geodetic area by analytical and numerical methods in the
GIS environment, the following factors should be considered (Kin, 2024):

1. the accuracy of the position of object vertices (m);

2. the accuracy of the geospatial data collection method (my);

3. the defined accuracy of object contour approximation (ms);

4. the accuracy of the analytical and numerical calculation method (ma);

5. the graphic accuracy of the scale (ms);

The graphic scale accuracy is recommended to be taken into account if the objects were vectorized
from topographic maps in a geographic information system. If the object was created based on the
results of collected and processed geospatial data using a certain modern method of topographic
survey, the first 4 factors should be taken into account. The root mean square error of calculating the
geodetic area by analytical and numerical methods in the GIS environment was determined by the
formula (1) (Kin, 2024):
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where L — the perimeter of the object whose area is determined on the reference ellipsoid;

n — the number of vertices in the contour of the object whose area is determined;

m; — the root mean square error of the i-th factor that affects the accuracy of determining the geodetic
area by analytical and numerical methods in the GIS environment.

Results

Using the previously discussed rigorous numerical methods in QGIS and PostgreSQL/PostGlIS, the
geodetic areas of parcels and objects of the nature reserve fund were calculated (Kin, 2024). The
geometry and attribute data on the parcels were obtained using the geoservice “Parcels Boundaries”,
which is available on the national geoportal of the National Geospatial Data Infrastructure. Access to
the geoportal was provided by its administrator, namely the State Enterprise “Research Institute of
Geodesy and Cartography” (hereafter — the State Enterprise “RIGC”).

The geometry and attribute data of polygonal objects of the nature reserve fund were obtained from
the Open Data Portal, where the dataset of the State Cadastre of Territories and Objects of the Nature
Reserve Fund was updated on February 23, 2024, by the Ministry of Environmental Protection and
Natural Resources of Ukraine.

The geodetic areas of the administrative-territorial units of Ukraine were also determined: 24 regions
and the Autonomous Republic of Crimea. The geometry and attribute data of polygonal objects of the
administrative-territorial units of Ukraine were provided by the State Enterprise “RIGC”. This dataset
was created based on topographic maps at a scale of 1:100,000 and the regular reference map of
Ukraine at a scale of 1:100,000. Geodetic areas were calculated using two methods: Karney and
Simpson, which allowed us to examine the convergence of the results to verify their reliability.
Numerical methods were considered with the maximum appropriate number of terms in the binomial
series of subintegral functions, and the use of up to 6 terms is considered an approximate numerical
method that does not meet the requirements for the accuracy of computational operations.

To calculate the lengths of watercourses, a set of geospatial data from the State Water Cadastre was
used, namely the surface water array. These data were also updated based on geospatial data from the
topographic database of the Main State Topographic Map at a scale of 1:50,000 (Karpinskyi et al.,
2021; Lazorenko-Hevel et al., 2021). This increased the resolution of the geospatial object models,
namely the number of points per 1 km. Table 1 shows the results of the assessment of the accuracy of
geodetic, cartometric and morphometric calculations with the authors whose functions were used.
The table also indicates whether the operation is performed by a strict numerical or analytical method.
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Table 1 Accuracy of geodetic, cartometric and morphometric operations (Kin, 2024)

# Name of the method Authors of Accuracy Method
the research
Determination of conformal plane
1 | coordinates X, y by geodesic Karney, 2011 | 5-10°-9-10°m Numerical
coordinates B, L
Determination of geodesic
2 | coordinates B, L by Gauss-Kruger Karney, 2011 | 6,3-10°s Numerical
coordinates x, y
Convert x, y Gauss-Kruger Karney, 2011 6 .
3 coordinates from one zone to another | Kin, 2024 12-107s Numerical
Convgrt X, y Gauss-Kruger Karney, 2011 _
4 | coordinates from one zone to another . 0,024 m Numerical
L Kin, 2024
UTM projection zone
5 Determining the length of the Kin, 2024 13-10° m Analytical
meridian arc Karney, 2013 | 15-10° m Numerical
5 Determining the length of the Kin, 2024 3,2.10° m Analytical
parallel arc Karney, 2013 | 15-10° m Numerical
Determining the area of survey
7 | trapezoids (for sheets of scales Kin, 2024 5.10°m?/ 1 km? Analytical
1:10 000 — 1:100 000)
g Determining the geodetic area of an | Kin, 2024 5,6-107 m? /1 m? Numerical
object Karney, 2013 | 5,6-107 m*/1 m? | Numerical
9 SoIV|r_19 a_dlrect geodesic problem on Karney, 2013 | 6,3-10"s Numerical
an ellipsoid
10 Solving an inverse geodesic problem Karney, 2013 | 25.10° —30-10°m | Numerical
on an ellipsoid
11 Determining the length of a Kgrney, 2013 5. 10“mm/ 1 m Numerical
watercourse Kin, 2024
. _ _ Kin, 2024 8,9-10°m?/ 1 km® | Numerical
12 | Determination of river basin areas ~ 5 -
Karney, 2013 | 9,8-10°m“/1 km Numerical

The functions of the considered geodetic, cartometric and morphometric operations, as well as the
results of the calculations performed, are available at https://doi.org/10.5281/zenodo.10801557.

Conclusions

The developed methods of applying rigorous mathematical methods allow for performing relevant
geodetic and cartometric calculations with maximum accuracy using modern computer technologies. They
formed the basis for the implementation of the functions of geodetic and cartographic operations in the
geographic information environment. The developed functions and methods for geodetic, cartometric and
morphometric calculations in PostgreSQL/PostGIS and MATLAB Online software were studied. It has
been established that the implemented functions based on the Karney method provide high accuracy of
calculations on the reference ellipsoid and reduce the root mean square error to the error of machine
calculation and rounding only. This makes it possible to determine the metric properties of objects with an
accuracy of nanometres, taking into account the curvature of the Earth. The factors influencing the
assessment of the accuracy of determining the geodetic area by analytical and numerical methods in the
GIS environment are formed and a mathematical model for their determination is proposed. One of the
main peculiarities of these factors is to take into account the geoinformation approach to the creation and
use of models of geospatial objects, regardless of their scale and map projections. It has been determined
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that the accuracy of calculating metric properties is also significantly affected by the resolution of the
object model (the amount of sampling). The developed functions performed operations from 30 seconds to
2 minutes. This time is acceptable, but improving the performance of the function may be a promising area
of research, since today geospatial databases are quite large (from 1 TB and more), which in total affects
the total time for executing queries to determine the metric properties of objects.
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