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SUMMARY

The problems of environmental nature are closely linked to the rate of economic development
of regions - as a rule, the availability of harmful production, on the one hand, causes negative
impact on the environment, quality of life of the population, and, on the other hand,
contributes to the growth of economic indicators, budget revenues, for various purposes. The
task of optimization arises in the presence of additional, often controversial conditions - how
by allocating funds on decreasing environmental risks, to achieve the improvement in the
environmental performance of the region while increasing economic indicators.

On the basis of statistical data on the environmental state of the region, the level of negative
impacts from harmful manufacturing technologies and economic indicators of the enterprises
of the region, it is crucial to uncover relationships between these indicators, model their
dynamics and determine the parameters of corresponding models in order to obtain optimal in
terms of the above metivned factors of indicators for functioning systems "level of production
- environmental risks — funds on their overcoming".

Methods of mathematical modeling based on the apparatus of ordinary differential equations
in nonlinear formulation can be used, the basic model is the model "predator - victim".
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Introduction

For timely and correct decision-making aimed at improving the state of the environment, global
environmental monitoring is not always effective. It is primarily used to determine certain strategic
directions of the environmental policy of a particular region or to study the state of pollution, for
example, of surface or groundwater resources. Therefore, one of the most important tasks in
environmental protection activities, taking into account the use of various methods and systems of
environmental monitoring, is the timely receipt of data or information about the real state of various
ecosystems and environmental assessments for its improvement and forecasting. This is important for
managing this state and preventing degradation. Therefore, using the apparatus of differential
equations, it is possible to have a certain result or success in mathematical modeling and research of
the state of ecological systems and processes [National report on the state of environment in Ukraine
in 2020, Pukish et all, 2024].

Input data for modeling include the conditions for the spread of pollutants (for example,
characteristics of air and driver flow) and emission parameters [Mandryk et all, 2017]. The modeling
results are ultimately presented in the form of a distribution of concentrations of harmful substances
and mass flows within different environments (for example, deposition on a grounded or underground
drain in a river).One of the urgent issues of sustainable development requiring urgent solution is the
problem of water resources pollution by heavy metals and their significant content in waste water
sediments [Zasidko et all, 2019, Pietrzak et all,2019].

Materials and Methods

The modeling of economic and ecologic systems is apparatus of linear and nonlinear systems of
ordinary differential equations. The basic model, the development of which can be interpreted by
given below results, is the model "predator - victim", built by Alfred Lotka and Vito Volterra.

The basic system of equation of this model is written as:

% = kyx(t) — gy x(t)y(t)
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Where,

X(t) - the population of the victim,

Y (t) - the population of the predator,

Ki, gi, i=1,2 - the coefficients of the model, the detailed content of which is given in work
[Pantel et all, 2003].
Models of economic systems of different nature are considered in works|Anistratenko et all, 1993 ,
Dudin et all, 2012]. The proposed study deals with the construction and examination of a model of
economic and ecologic systems and its practical implementation and study. The model considers a
situation for the description of which the functions x(t), y(t), and z(t) are introduced having the
following meaning:

X (t) - funds allocated for taking measures on environmental control;

y (t) - material losses caused by negative impacts on the environmental of the region;

z (t) - monetary equivalent that characterizes the level of industrial production.
When constructing a mathematical model, a system of differential equations is written. This system
describes how the corresponding variables over time are changed in assuming the nature of the
relationship between the quantities [Gonchar et all, 2015 , Karpash et all, 2018].
The result is obtaining the following system of ordinary differential equations, which binds variables
x (1), y (); z(V): i
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with appropriate initial conditions which characterize the initial values of the functions x (t); y (t);
z(t):

x(0) =% ¥(0) = wpi 2(0) = = 3
The meaning of each of the equations can be characterized as follows:

I equation: funds allocated to environmental activities depend on:

- the first summand: actually these funds, which should be allocated to the value of A, but if there is
no effect — the tactics of environmental measures should be changed;

- second summand: the volume of these funds depends on the level of negative impacts - the greater
the identified impacts, the more funds are required to eliminate them,;

- third summand: the volume of these funds depends on the level of industrial output.

I equation: - the first summand: the negative impacts on the environment are inversely
proportional to the amount of funds invested in environmental protection;

- second summand: negative effects are directly proportional to the level of negative effects to some
value of B;
- third summand: negative impacts are directly proportional to the level of industrial output.

III equation: the level of industrial production (according to the model) depends on the amount
of funds allocated to ecology (first angend) and inversely proportional to the level of negative impacts
(second addend).

Type (1) system is a certain extension of the known «predator-victim» model. The algorithms for
finding the coefficients of system (1) by using the method of expert estimation are suggested. While
modeling of system (1) additional conditions were established for its coefficients from the point of
view of obtaining asymptotically stable solutions.

The introduction of nonlinear components into system (1) allows us to obtain solutions that more
accurately reflect the essence of the phenomena and the simulated processes.

For the practical application of the proposed nonlinear model it is essential to define the concept of
determining Ki coefficients. One of the variants of the expert estimation method, which can be used is
that a group of experts in the number of specialists examine the following issue: to what degree the
quaulities x(t); y (t); z (t) are related to each other through the coefficients Ki (i =1, ... 8).

Each expert fills in a table in which for each of the coefficients Ki a rating from Umin to Umax is
assigned. As a result, for each Ki coefficient, the sum of points is obtained:

U; = E?:LU[_{ > “4)
where,
Ujj - is the estimate given by the j expert to the coefficient Ki. Stated information can be applied for
determining Ki values:

Ui

wh

bl |

K =
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while, 0<Ki <1. However, in some cases of practical application to ensure the stability of the
calculations and the transparency of the results presentation values Ki can be calculated by the
formula:

Ui

wh

s
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The values of A and B contained in system (2) are determined in a certain scale until at least their real
values are obtained due to the results of statistical data. In some cases, the choice of coefficients can
be made empirically, without using conditions or the condition of the equality of the sum of all Ki
units. When selecting the coefficients of the model, Kendell's criterion is used to test the impartiality
of experts, which is as follows[Karpash et all, 2018, Vasylenko et all, 1999]:

let N — be the number of model coefficients to be determined;
M - be the number of experts involved;
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Rij — risk of i-cofficient in the opinion of j expert,
Di — the sum of ranks of I coefficient in all experts,
W — coefficient of Kendell's concordance,

12 = =
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D; = EJ}LLRU 4 (3
ﬁ — Mlﬂ:+L| . (9)

If W>0,75, the opinion of experts (4) - (6) is considered to be objective, impartial and consistent with
the peculiarities of the simulated phenomenon.

Results and discussion

The model provides a flexible tool for analyzing the dynamics of economic and environmental
interactions, particularly for regions impacted by industrial production. The inclusion of nonlinear
components enhances the accuracy of the simulation results, capturing the complex dependencies
between variables such as production levels, environmental risks, and investment in mitigation efforts.
When implementing the model based on Runge-Kutta [Runge-Kutta method, 2021] methods, the
following approach was used: in the first step, all the above models were selected linear, the
corresponding calculations and analysis of the results were carried out. If there were doubts about the
correspondence of these results to the characteristics of real systems, then new nonlinear terms were
introduced into the corresponding systems, which describe the level of interaction of the respective
factors. When the qualitative behavior of the solutions satisfied the researcher, methods were created
for the practical estimation of the coefficients of the systems, taking into account the results of their
statistical studies, real data on the characteristics of their functioning.

Upon obtaining model solutions that meet certain economic requirements and environmental
standards, recommendations are made regarding the optimization of the studied systems, including
water resource pollution, under investigation by the necessary criteria, which are responsible for the
stable operation of the respective systems with the fulfillment of their functions. All models are
numerically implemented in the form of software complexes by Runge-Kutta methods , which allow
to carry out a wide class of calculations in order to evaluate the dynamics of the process development
depending on the corresponding coefficients of the model. A uniform grid with a step t > 0 is
introduced after the variable t, ie the set of points (nodes) is considered

wp={t, =nt,n=012...} (10)
By u,, = u(t, ) means of an approximate solution of system (2), which is a net vector function
u(t) = (x (t), y (t), z (t)) defined in nodes.
An explicit m-stage Runge-Kutta method is as follows. Let the solution u, = u{t,} be known
already. We set the numerical coefficients a;, b;;,o;, i =2, 3,..., m, j=1, 2,..., m—1, and

compute them consistently e,

i

k, = flt,.u,l
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Then from the formula

i T ok (12)
a new value u,4q = u{t,+1) is found. By selecing coefficients through the solving systems of
nonlinear algebraic equations referring to a;, by;, 0y, =2, 3,..., m, j=1, 2,..., m—1, itis

possible to develop methods of almost any order of accuracy. In this work we use the fourth order .
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Based on the results of the model, several practical recommendations can be drawn. Firstly,
policymakers can use this model to optimize resource allocation for environmental protection.
Secondly, industries can leverage the model to reduce their environmental impact by adjusting
production strategies based on real-time environmental data. Future research could involve
incorporating additional factors such as climate change, and technological advancements to further
enhance the model's applicability.

Conclusions

Based on the results of modelling we can arrive at the following conclusions:

- it was found out that the use of mathematical modeling methods with the application of the
apparatus of ordinary differential equations in a nonlinear formulation allows obtaining a picture of
values of functions x(t), y(t), and z(t), which is consistent to the objective of modeling;

- the directions of further research may be related to the method of estimating the real values of the
coefficients of the system (2) with the conditions (3) which would correspond to the parameters of
industrial facilities in the studied region regarding water pollution.

However, differential equations cannot always accurately and in detail describe the complex
ecological processes related to environmental pollution, which require in-depth research and analysis.
In particular, it would be possible to take into account the impact of the environmental factor in the
future: we are talking about changes in space and time in the quality of the natural living environment,
as well as the impact of military operations on the territory of Ukraine.
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