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SUMMARY 

The problems of environmental nature are closely linked to the rate of economic development 
of regions - as a rule, the availability of harmful production, on the one hand, causes negative 
impact on the environment, quality of life of the population, and, on the other hand, 
contributes to the growth of economic indicators, budget revenues, for various purposes. The 
task of optimization arises in the presence of additional, often controversial conditions - how 
by allocating funds on decreasing environmental risks, to achieve the improvement in the 
environmental performance of the region while increasing economic indicators.  
On the basis of statistical data on the environmental state of the region, the level of negative 
impacts from harmful manufacturing technologies and economic indicators of the enterprises 
of the region, it is crucial to uncover relationships between these indicators, model their 
dynamics and determine the parameters of corresponding models in order to obtain optimal in 
terms of the above metivned factors of indicators for functioning systems "level of production 
- environmental risks – funds on their overcoming".  
Methods of mathematical modeling based on the apparatus of ordinary differential equations 
in nonlinear formulation can be used, the basic model is the model "predator - victim". 
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Introduction 
For timely and correct decision-making aimed at improving the state of the environment, global 
environmental monitoring is not always effective. It is primarily used to determine certain strategic 
directions of the environmental policy of a particular region or to study the state of pollution, for 
example, of surface or groundwater resources. Therefore, one of the most important tasks in 
environmental protection activities, taking into account the use of various methods and systems of 
environmental monitoring, is the timely receipt of data or information about the real state of various 
ecosystems and environmental assessments for its improvement and forecasting. This is important for 
managing this state and preventing degradation. Therefore, using the apparatus of differential 
equations, it is possible to have a certain result or success in mathematical modeling and research of 
the state of ecological systems and processes [National report on the state of environment in Ukraine 
in 2020, Pukish et all, 2024]. 
Input data for modeling include the conditions for the spread of pollutants (for example, 
characteristics of air and driver flow) and emission parameters [Mandryk et all, 2017]. The modeling 
results are ultimately presented in the form of a distribution of concentrations of harmful substances 
and mass flows within different environments (for example, deposition on a grounded or underground 
drain in a river).One of the urgent issues of sustainable development requiring urgent solution is the 
problem of water resources pollution by heavy metals and their significant content in waste water 
sediments [Zasidko et all, 2019, Pietrzak et all,2019]. 
Materials and Methods 
The modeling of economic and ecologic systems is apparatus of linear and nonlinear systems of 
ordinary differential equations. The basic model, the development of which can be interpreted by 
given below results, is the model "predator - victim", built by Alfred Lotka and Vito Volterra. 
The basic system of equation of this model is written as: 

 

, 

       .    
           (1) 

 Where, 
 X(t) - the population of the victim,  
 Y(t) - the population of the predator, 
 Ki, gi, i=1,2 - the coefficients of the model, the detailed content of which is given in work 
[Pantel et all, 2003].  
Models of economic systems of different nature are considered in works[Anistratenko et all, 1993 , 
Dudin et all, 2012]. The proposed study deals with the construction and examination of a model of 
economic and ecologic systems and its practical implementation and study. The model considers a 
situation for the description of which the functions x(t), y(t), and z(t) are introduced having the 
following meaning:  
 x (t) - funds allocated for taking measures on environmental control;  
 y (t) - material losses caused by negative impacts on the environmental of the region; 
 z (t) - monetary equivalent that characterizes the level of industrial production. 
When constructing a mathematical model, a system of differential equations is written. This system 
describes how the corresponding variables over time are changed in assuming the nature of the 
relationship between the quantities [Gonchar et all, 2015 , Karpash et all, 2018]. 
The result is obtaining the following system of ordinary differential equations, which binds variables 
x (t); y (t); z(t): 

                                                   (2) 



Monitoring’2025   

 

 

XVIII International Scientific Conference “Monitoring of Geological Processes 
and Ecological Condition of the Environment” 
14–17 April 2025, Kyiv, Ukraine 

 

with appropriate initial conditions which characterize the initial values of the functions x (t); y (t); 
z(t): 

                                                                  (3) 
The meaning of each of the equations can be characterized as follows: 
 I equation: funds allocated to environmental activities depend on: 
- the first summand: actually these funds, which should be allocated to the value of A, but if there is 
no effect – the tactics of environmental measures should be changed; 
- second summand: the volume of these funds depends on the level of negative impacts - the greater 
the identified impacts, the more funds are required to eliminate them; 
- third summand: the volume of these funds depends on the level of industrial output. 
 II equation: - the first summand: the negative impacts on the environment are inversely 
proportional to the amount of funds invested in environmental protection; 
- second summand: negative effects are directly proportional to the level of negative effects to some 
value of B; 
- third summand: negative impacts are directly proportional to the level of industrial output. 
 III equation: the level of industrial production (according to the model) depends on the amount 
of funds allocated to ecology (first angend) and inversely proportional to the level of negative impacts 
(second addend). 
Type (1) system is a certain extension of the known «predator-victim» model. The algorithms for 
finding the coefficients of system (1) by using the method of expert estimation are suggested. While 
modeling of system (1) additional conditions were established for its coefficients from the point of 
view of obtaining asymptotically stable solutions. 
The introduction of nonlinear components into system (1) allows us to obtain solutions that more 
accurately reflect the essence of the phenomena and the simulated processes. 
For the practical application of the proposed nonlinear model it is essential to define the concept of 
determining Ki coefficients. One of the variants of the expert estimation method, which can be used is 
that a group of experts in the number of specialists examine the following issue: to what degree the 
quaulities x(t); y (t); z (t) are related to each other through the coefficients Ki (i = 1, ... 8).  
Each expert fills in a table in which for each of the coefficients Ki a rating from Umin to Umax is 
assigned. As a result, for each Ki coefficient, the sum of points is obtained:   

 
     ,                                                                           (4) 

where,  
Uij - is the estimate given by the j expert to the coefficient Ki. Stated information can be applied for 
determining Ki values:    

 
      ,                                                                              (5) 

 
while, 0≤Ki ≤1. However, in some cases of practical application to ensure the stability of the 
calculations and the transparency of the results presentation values  Ki can be calculated by the 
formula:  

 
       ,  u = 1, ...                                                               (6) 

 
The values of A and B contained in system (2) are determined in a certain scale until at least their real 
values are obtained due to the results of statistical data. In some cases, the choice of coefficients can 
be made empirically, without using conditions or the condition of the equality of the sum of all Ki 
units. When selecting the coefficients of the model, Kendell's criterion is used to test the impartiality 
of experts, which is as follows[Karpash et all, 2018, Vasylenko et all, 1999]:  

let N – be the number of model coefficients to be determined; 
M – be the number of experts involved; 
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Rij – risk of i-cofficient in the opinion of j expert,  
Di – the sum of ranks of I coefficient in all experts,  
W – coefficient of Kendell's concordance,  
                                                                         (7) 
 
      ,                                                                           (8) 
 
     .                                                                                (9) 
 

If W>0,75, the opinion of experts (4) - (6) is considered to be objective, impartial and consistent with 
the peculiarities of the simulated phenomenon. 
Results and discussion 
The model provides a flexible tool for analyzing the dynamics of economic and environmental 
interactions, particularly for regions impacted by industrial production. The inclusion of nonlinear 
components enhances the accuracy of the simulation results, capturing the complex dependencies 
between variables such as production levels, environmental risks, and investment in mitigation efforts. 
When implementing the model based on Runge-Kutta [Runge-Kutta method, 2021] methods, the 
following approach was used: in the first step, all the above models were selected linear, the 
corresponding calculations and analysis of the results were carried out. If there were doubts about the 
correspondence of these results to the characteristics of real systems, then new nonlinear terms were 
introduced into the corresponding systems, which describe the level of interaction of the respective 
factors. When the qualitative behavior of the solutions satisfied the researcher, methods were created 
for the practical estimation of the coefficients of the systems, taking into account the results of their 
statistical studies, real data on the characteristics of their functioning.  
Upon obtaining model solutions that meet certain economic requirements and environmental 
standards, recommendations are made regarding the optimization of the studied systems, including 
water resource pollution, under investigation by the necessary criteria, which are responsible for the 
stable operation of the respective systems with the fulfillment of their functions. All models are 
numerically implemented in the form of software complexes by Runge-Kutta methods , which allow 
to carry out a wide class of calculations in order to evaluate the dynamics of the process development 
depending on the corresponding coefficients of the model. A uniform grid with a step t > 0 is 
introduced after the variable t, ie the set of points (nodes) is considered 
 

                                                                 (10) 
By  means of an approximate solution of system (2), which is a net vector function  
u(t) = (x (t), y (t), z (t)) defined in nodes. 
An explicit m-stage Runge-Kutta method is as follows. Let the solution  be known 
already. We set the numerical coefficients   and 
compute them consistently  
 

                                       (11) 

Then from the formula                                 
     ,                                                                                    (12) 

a new value  is found. By selecing coefficients through the solving systems of 
nonlinear algebraic equations referring to   it is 
possible to develop methods of almost any order of accuracy. In this work we use the fourth order . 
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Based on the results of the model, several practical recommendations can be drawn. Firstly, 
policymakers can use this model to optimize resource allocation for environmental protection. 
Secondly, industries can leverage the model to reduce their environmental impact by adjusting 
production strategies based on real-time environmental data. Future research could involve 
incorporating additional factors such as climate change, and technological advancements to further 
enhance the model's applicability.  
Conclusions 
Based on the results of modelling we can arrive at the following conclusions:  
- it was found out that the use of mathematical modeling methods with the application of the 
apparatus of ordinary differential equations in a nonlinear formulation allows obtaining a picture of 
values of functions x(t), y(t), and z(t), which is consistent to the objective of modeling;  
- the directions of further research may be related to the method of estimating the real values of the 
coefficients of the system (2) with the conditions (3) which would correspond to the parameters of 
industrial facilities in the studied region regarding water pollution. 
However, differential equations cannot always accurately and in detail describe the complex 
ecological processes related to environmental pollution, which require in-depth research and analysis. 
In particular, it would be possible to take into account the impact of the environmental factor in the 
future: we are talking about changes in space and time in the quality of the natural living environment, 
as well as the impact of military operations on the territory of Ukraine.  
References 
Anistratenko V., Frolov V. Mathematical planning in agroindustrial complex. Kyiv, High School, 

1993- 374p. 
Dudin M., Lyasnikov N.  Foresight as a Tool to Provide Strategic Manufacturing Stability. Business, 

European Research,     26, 8, 2012- 1138 -1141p. 
Gonchar N., Zhokhin A., Kozinski W. General Equilibrum and Recession Phenomenon. American 

Journal of Economics, Finance and Management, 1, 2015- 559 -573p. 
Karpash M., Oliynyk A., Klyun A., Kohut G. Improving the reliability of implementation of new 

standards for diagnosis systems, taking into account operating conditions. Standardization, 
certification, quality, 2, 109, 2018- 60 – 65p. 

Mandryk, O., Pukish, A., Zelmanovych, A. Formation peculiarities of physical and chemical 
composition of highly mineralized edge water. Mining of Mineral DepositsThis link is 
disabled., 2017, 11(1), pp. 72–79. 

Ministry of Ecology and Natural Resources of Ukraine. Natsionalna dopovid pro stan navkolyshnioho 
pryrodnoho seredovyshcha v Ukraini u 2020 rotsi [National report on the state of environment 
in Ukraine in 2020]. Kyiv, 2021- 308p.  

Pantel G., Kotiuk F. Quantitative and qualitative characteristics of urban sewage sludge. Scientific 
Bulletin of Construction. Kharkov, CDTUBA, WANTED ABU 2003- 24, 89-91p. 

Pietrzak D., Mandryk O., Kosakowski P., Kmiecik E., & Wątor, K. (2017). Evaluation of the 
possibility of using the dniester river water in the halych area (Ukraine) to supply the 
population with drinking water. Paper presented at the International Multidisciplinary Scientific 
GeoConference Surveying Geology and Mining Ecology Management, SGEM, 17(31) 277-
284. doi:10.5593/sgem2017/31/S12.035 Retrieved from www.scopus.com.  

Pukish, A., Mandryk, O., Arkhypova, L., Syrovets, S., Hryniuk, D. Mathematical modeling of 
pollution of underground aquifers due to mining of minerals. Mining of Mineral DepositsThis 
link is disabled., 2024, 18(3), pp. 94–103. 

Runge-Kutta method". Dictionary.com. Retrieved 4 April 2021. 
Vasylenko V., Cryshchouk G., Lebedynets L., Kuzʼma Yu. Adsorption of Copper on Transcarpathian 

Clinoptilolite. Adsorp.Sci. Technol, 17, 1999- 2, 125-134p. 
Zasidko I., Polutrenko M., Mandryk O., Stakhmych Y., Petroshchuk N. Complex technology of 

sewage purification from heavy-metal ions by natural adsorbents and utilization of sewage 
sludge. JEE Journal of Ecological Engineering, Scopus, 20, 2019- 5, 209-216p.  

https://www.scopus.com/authid/detail.uri?authorId=55886305000
https://www.scopus.com/authid/detail.uri?authorId=57194459401
https://www.scopus.com/authid/detail.uri?authorId=57214761587
http://www.scopus.com/
https://www.scopus.com/authid/detail.uri?authorId=57194459401
https://www.scopus.com/authid/detail.uri?authorId=55886305000
https://www.scopus.com/authid/detail.uri?authorId=57191408374
https://www.scopus.com/authid/detail.uri?authorId=59134894400
https://www.scopus.com/authid/detail.uri?authorId=57266048500
https://www.dictionary.com/browse/runge-kutta-method
https://en.wikipedia.org/wiki/Dictionary.com


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



