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SUMMARY 

A general approach for simulating the behavior of geological systems by calculating the stress-
strain state of non-homogeneous regions subjected to gravitational forces has been developed. 
This approach reduces boundary value problems in solid mechanics to unconstrained 
optimization problems. Using Physics-Informed Neural Networks (PINNs) within this 
framework simplifies the solution to constructing substitution functions that depend on the 
boundary and initial conditions and the neural network solution of the corresponding 
optimization problem. 
The problem of non-homogeneous plane elasticity was analyzed within this approach. For 
Neumann conditions set on the top and right sides, and Dirichlet conditions on the left and 
bottom sides of a trapezoid-shaped region with inhomogeneous mechanical properties, the 
ansatz functions for displacements for the unconstrained optimisation problem were obtained.  
To verify the proposed methodology, the stress-strain state was calculated for the two-
dimensional problem of a non-homogeneous heavy half-plane. Additionally, for a trapezoid-
shaped region with non-homogeneous properties subjected solely to gravitational forces, with 
zero stresses set on one pair of adjacent sides and zero displacements on another pair, numerical 
simulations were carried out using the proposed methodology.The proposed methodology can 
be extended to problems in the theory of thermal elasticity, including piecewise-homogeneous 
and thermosensitive media. 
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Introduction 

The problem of assessing the mechanical behavior of slopes subjected to gravity is an important task in 
geological modeling. The significance of such calculations is especially pronounced in areas prone to 
landslide hazards, such as the Carpathian region in Ukraine. The mechanical behavior of slopes under 
gravity is determined by the development of mechanical stresses and is expressed through 
interdependent and sequentially occurring processes and phenomena. When calculating slope stability, 
various traditional approaches are employed. These range from elementary solutions, statistical 
methods, and experimental approaches (Montgomery et al., 1998; Roering et al., 2001) to engineering 
and numerical methods. The use of continuum mechanics models in computer simulations of natural 
and man-made systems, particularly for predicting landslide hazards, allows for a comprehensive 
determination of the stress-strain state of slopes and an assessment of their stability given specific 
geomechanical parameters.  
From the perspective of continuum mechanics, the problems of assessing slope stability can be reduced 
to a plane elasticity problem. Traditional methods for solving problems in continuum mechanics, 
especially those involving complex geometries, constitutive relations, and heterogeneous media, 
include projection numerical and numerical-analytical methods, such as boundary and finite element 
methods, and their hybrid variants. For instance, in the work (Lavrenyuk, 2013) an iteration method for 
assessing the stress-strain state of a landsliding area is used, which involves solving a planar elasticity 
problem at each iteration step. The modified boundary element method is employed for solving the 
elastic problem in each iteration step. Similar to the aforementioned work, the necessity of considering 
the heterogeneous nature of the medium in such problems requires the use of iterative methods for 
stress-strain state assessment.  
In contrast to classical numerical methods of stress-strain evaluation, a promising and innovative 
approach to analyzing such problems involves the use of deep neural networks, specifically physics 
informed neural networks (PINNs). PINNs combine deep learning techniques with physical models to 
leverage the advantages of both fields. Classical approaches use neural networks to approximate partial 
differential equations based on known physical laws. This approach was first developed by M. Raissi 
and others in 2017 (Raissi et al., 2017). The major advantage of physics informed neural networks is 
their ability to overcome the discretization problems inherent in solvers that use finite-difference, finite-
element, and boundary-element methods. PINNs use neural networks to construct ansatz functions and 
benefit from automatic differentiation (Baydin et al., 2018) to calculate mesh-free derivatives. This 
eliminates the need for discretization of the region under consideration when solving the boundary-
value problem. However, compared to conventional algorithms, PINNs have some drawbacks, 
including sensitivity to hyperparameter selection and difficulties in propagating information from initial 
or boundary conditions to less visible parts of the space-time domain. 
In this work, we propose an algorithm for reducing the boundary value problem of deformable solid 
mechanics to the corresponding unconstrained optimization problem. The use of PINNs within this 
framework reduces the solution of a wide class of problems in deformable solid mechanics to the 
construction of ansatz functions, which depend on the boundary and initial conditions of the problem 
and the neural network solution of the corresponding optimization problem. 
 
Method and Theory 
 
Consider the 2D problem of determining the stress-strain state of a fragment of a heterogeneous medium 
under the action of gravitational forces. Consider the particular case of inhomogeneity, where Poisson's 
ratio is constant (for many practically important problems, this assumption can be made without loss of 
generality), and Young's modulus is a linear function of coordinates: 0 1 2, .const E E x yυ α α= = + +  
The equilibrium equations in displacements can be written in the form: 
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Boundary conditions for stresses will take the form: 

 
( )
( )( ) ( )( )( )0 1 2

, , ,2 1 2 0.
2 1 1 2 l li ij i j j i j
E x y

u u u n
α α

υ δ υ
υ υ Γ

+ +
+ − + =

+ −
 

If  ( ), ,i
t x y pΨ

   ̶  are trial solutions of a boundary value problem with a differential operator 1L , which 
depends on adjustable parameters p , then the problem is reduced to the problem of minimizing the 
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boundary conditions. This is achieved by presenting (Lagaris et al., 1998) the sought solution of the 
boundary value problem in the form: ( ) ), , , ,  ( ) ( (, , ), ,  tu x y p A x y t F x y N x y p= +

  , where function 
( ), ,N x y p  — neural network with parameters p  and  n  input parameters x  and y , being that ,( )A x y  

does not contain controlled parameters and satisfies the boundary and initial conditions, and the 
summand F  is constructed in such a way as to turn to zero at the boundary. In this way, the problem is 
reduced from the initial constrained optimization problem to an unconstrained one. Consider the 
construction of ansatz displacement functions for the boundary value problem in displacements for a 
rectangular region, when the conditions of rigid fixation are given on the left and lower boundaries of 
the region, and the conditions of the free surface are given on the other two sides (Fig.1): 
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Figure 1 Boundary conditions for the boundary value problem for a rectangular region under gravity 
forces. 
 
It is easy to ensure that under these given boundary conditions, the substitution functions ( )Ψ1 ,x y  and 

( )Ψ2 ,x y  can be presented in the form: 
 ( ) ( )1 2 2 2 2 1, (1 ) (1 ) , , ,t tx y x x y y N x y pΨ = − −

 ( ) ( )2 2 2 2 2 2, (1 ) (1 ) , , .t tx y x x y y N x y pΨ = − −
  

It is obvious that such functions will automatically satisfy the boundary conditions of our problem. 
However, the choice of such functions is not the best one, since the order of these functions is 8. 
Following (Limarchenko, Lavrenyuk, 2025), we present the functions ( )Ψ1 ,x y  та ( )Ψ2 ,x y  in the form: 
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It is easy to see that the selected functions will satisfy the boundary conditions of the problem by 
construction. and the order of the coordinate functions will be only 5. 
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Results 
 
To verify the proposed methodology, we performed a series of checks to ensure the accuracy of our 
approach. The first problem we considered was the stress-strain state of a homogeneous half-plane 
subjected solely to gravitational forces. The resulting stresses were consistent with the well-known 
classical result: 11 12 220, gyσ σ σ ρ= = = − . The second problem involved the same half-plane under 
gravitational force, but considered as a non-homogeneous region. We examined the special case of non-

homogeneity where ( ) ( ), , , const, constAE x y x y A
y
ν= = = . In this case stresses were the same as for 

the homogeneous case of the first problem and were consistent with the analytical solution. 
The third problem involved calculating the stress-strain state for a two-dimensional non-homogeneous 
( 0 1 2,const E E x yυ α α= = + + ) elasticity problem of a rectangular region under gravitational forces. 
The region was fixed at the left side and the bottom, while the right side and the top were free (see 
Fig.1). The boundary conditions in this case take the form: 

1 0 2 0 1 0 2 0 22 1 12 1 11 1 12 10, 0, 0, 0, 0, 0, 0, 0.x x y x y y x xu u u u σ σ σ σ= = = = = = = == = = = = = = =   
We do not include numerical results for this case, considering instead the more general fourth problem 
of defining the stress-strain state of a two-dimensional non-homogeneous (

0 1 2,const E E x yυ α α= = + + ) elastic trapezoid-shaped region under gravitational forces. The boundary 
conditions for this general case are: 

1 0 2 0 1 0 2 0 22 1 12 1 11 12 2 12 22 20, 0, 0, 0, 0, 0, 0, 0.x x y x y y x y x yu u u u σ σ σ σ σ σ= = = = = = + = + == = = = = = + = + =  

 

 
Figure 2 Approximate solutions of the fourth problem for the values 
together with the discrepancy of the differential operator of equation.  
 
We consider the case of trapezoid-shaped region of 1 km height, with the base sides of the trapezoid 
equal to 1 and 2 km, respectively. The material is considered to be loam with constant Young’s modulus 

0 50E =  MPa, Poisson’s ratio 0.35ν = , and density  1800ρ =  kg/m3. We also set 1α  and parameters 
as follows: 1 1 10α α= = MPa.  
We used the DeepXDE library (Lu, Karniadakis, et al., 2021) to build our model. Neural network 
architecture was built as follows: one input layer with 2 neurons, five hidden layers with 40 neurons 
each, and one output layer with 5 neurons. The optimisation method used was a combination of the two 
most popular and effective methods: the adaptive moment method (ADAM) and the Broyden-Fletcher-
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Goldfarb-Shanno method in a modification with limited memory use (L-BFGS). Predictably, the use of 
the ADAM+L-BFGS combination provided the highest accuracy for the obtained solutions compared 
to the adaptive moment method or the L-BFGS method alone. However, we encountered some issues 
with the proper functioning of the L-BFGS implementation when using the TensorFlow backend, and 
had to switch to Torch instead. In Fig. 2, we show approximate solutions for the last problem along 
with the discrepancy of the differential operator equation. 

 
Conclusions 
 
1) An algorithm for solving heterogeneous plane elasticity theory problems using a physics-informed 

neural network (PINN) model is constructed. 
2) For the case of problem in displacements for a rectangular area, when the conditions of rigid fixation 

are given on the left and lower boundaries of the area, and the conditions of the free surface are 
given on the other two sides, an explicit form of the trial neural network functions and the general 
solution in displacements is given. 

3) The use of the ADAM optimization method provides acceptable calculation accuracy, but requires 
a sufficiently large number of iterations (epochs). Therefore, it is recommended to prefer the L-
BFGS algorithm or use a combination of ADAM and L-BFGS algorithms. 

4) The proposed methodology can be extended to problems in the theory of thermal elasticity, 
including piecewise-homogeneous and thermosensitive media. 

5) The approach used transforms a constrained optimization problem into an unconstrained one and 
generally has a positive impact on reducing calculation errors.   
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