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The paper proposes a solution to the problem of determining the probable values of
subsidence/release of the height base references based on the results of repeated leveling cycles to
analyze their stability using the linear programming method. The algorithm of the simplex method
allows to automatically exclude the references that have received the maximum displacements and
thus establishes the most stable reference of the height base. The purpose of the study is also to
identify the most effective approach to the mathematical processing of leveling results in the
conditions of free geodetic networks, which are characterized by a high risk of erroneous
identification of stable points. This is related to the problem of initial selection of the reference
surface, relative to which it is necessary to calculate the marks of the references and their vertical
displacements, as well as the assessment of the stability of the references. The results of the study
provide useful information to ensure the accuracy of monitoring deformations of building structures.
Using the example of a leveling network for the 21st excess between 17 references, which form 4
closed polygons with 8 leveling cycles of the leveling network of the II class of an industrial site, a
reliable assessment of the stability of the height base references was obtained.
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Introduction

Monitoring the settlements of structures requires a reliable vertical control network in which the
benchmarks remain stable throughout the entire observation period. In practice, absolute immutability
of benchmarks is rarely achievable due to various factors, so based on the results of repeated
levelling, there arises the task of assessing the condition of the benchmarks to determine which of
them have remained stable and which have undergone displacements. The problem of benchmark
stability still has no unambiguous solution in the geodetic literature. Geodetic control networks are
free networks and have a datum defect (Pylypiuk & Ilkiv, 1986; Chen et al., 1990; Ganyshyn,
Storozhenko, Budenkov, Ilin, & Tsunko, 1991; Kostecka et al., 2011; Velsink, 2015), which makes
the correct identification of mutually stable points quite complicated when there are many unstable
points. Identifying mutually stable points is the only serious problem, and it remains a subject of
interest for professional surveyors. It is known that the vertical displacements of structures mainly
depend on the physico-mechanical properties of soils and on random factors affecting the ground:
temperature, moisture, and changes in the groundwater level. All this leads to the necessity of solving
the problem of assessing the stability of the benchmarks of the vertical control network to determine
the deformations of the upper soil layer and the foundations of engineering structures. In general, the
analysis of the stability of benchmarks in a vertical control network includes several interrelated tasks,
among them:

* a qualitative assessment of benchmark stability (it is necessary to provide an integral
characteristic of the stability of the entire network and determine whether there are signs of
benchmark shifts overall);

* the search for the most stable benchmark and/or group of benchmarks (based on repeated
levelling data, the point whose displacement is minimal compared to others is identified);

* estimation of the displacement (settlement) vector of the benchmarks (the network is adjusted
using the results of repeated levelling to compute the most probable displacements of all
benchmarks).

The second and third tasks are the most methodologically difficult, since their solutions are not
unique. Any adjustment of a free levelling network requires additional assumptions regarding
reference points. Usually, a zero-mean deformation condition is introduced, or one benchmark is
fixed, which is equivalent to assuming the existence of a stable benchmark. As a result, the outcomes
are distorted if all the network’s benchmarks are moving. Thus, traditional methods can yield
erroneous conclusions in the absence of a truly immobile reference. To overcome this ambiguity, a
linear-programming approach is applied, the goal of which is to determine the most stable benchmark
based on repeated levelling data.

Method
The idea behind this method is to select a solution to the system of observation equations such that the
total displacement of the benchmarks is minimal (Tserklevych & Khomyak, 1997). Formally, the
problem is formulated as follows: the objective function must be minimized

P=Pl - Ah= Yicopj - Ahj (1
under the conditions

A-Ah=h= Z}l:laij-Ahi; i=1m j=1nh <Ahy<h;n>m )

where Ahjis the unknown vertical displacement of the j-th benchmark, #; is the vector of measured
height differences (between repeated levelling measurements), A is the matrix of connection
coefficients containing the coefficients
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and p; are weight coefficients for displacements. Thus, the objective function P represents the total
displacement of all benchmarks (or the total “instability” of the network), and its minimization is a
natural criterion for finding the most stable configuration of benchmarks. The system of constraints
ensures that the found displacements are consistent with the leveling results (reproduce the observed
height differences). The proposed optimization formulation belongs to the class of linear
programming problems, which are conveniently solved using the simplex method. The simplex
method algorithm iteratively finds the optimal solution, so the process of finding the most stable
reference point can be fully automated. The advantage of this approach is that it does not require the
selection of a fixed point; on the contrary, the minimum criterion itself identifies the reference points
with the smallest displacement. In this study, the linear programming method is implemented as a
Python script that calculates the displacement of benchmarks based on repeated leveling data and
determines the most stable benchmark in the network.

Results

Figure 1 shows the initial elevation network for monitoring subsidence of key structures at the
industrial site, which includes 17 deep benchmarks, some of which form three benchmark clusters:
cluster No. 1 — Gr.31, Gr.33; cluster No. 2 — Gr.38, Gr.39, Gr.40; cluster No. 3 — Gr.43, Gr.44, Gr.45.

B, Ground benchmarks forming clusters and
(&) ‘a

other separately located benchmarks form a
nh height network of four polygons evenly
distributed across the industrial site. The
lengths of the leveling runs between depth
benchmarks are given in Table 1.
Examination of the four polygons showed
that not all cycles satisfied the closure
condition:

p.45

r14h; =0 4

therefore, each cycle was pre-balanced by
the correlative method. The pre-balanced
exceedance differences relative to the zero-

Figure 1. Elevation base with 17 benchmarks observation cycle are presented in Table 2.

Table 1. Lengths of leveling strokes between the depth raps of the height base

Name of the Length, km Name of the Length, km Name of the Length, km
move move move
L 0,032 ls 0,632 lis 0,837
L 0,630 lo 0,748 lis 0,038
I3 0,646 Lio 0,031 li7 0,046
ly 0,617 L1 0,036 l1s 0,497
Is 0,320 2 1,188 lig 0,466
ls 0,820 e 0,589 L2 0,640
I 0,615 l14 1,032 l21 0,593
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Table 2. Differences in balanced excesses
No. of Differences in excess, mm
cycle Ahy Ah, Ah; Ahy Ahs Ahg Ahy Ahg Ahy Ahjo
0-1 -2 0 2 8 -1 -11 2 -6 1 2
0-2 -9 4,1 -1,1 20 1 -15,7 -0,1 4,1 0,9 0
0-3 -4 4,5 7.4 7.5 -3,8 -6,4 -0,2 -2,7 23 -1
0-4 1.9 0,3 8,2 5,2 -0,4 9,1 4,2 -4,5 0,1 4,1
0-5 -2 1 3 10 -0,5 -8,6 -4,9 1,1 3,1 -3
0-6 -0,1 3,1 -1 9.1 -0,5 -3,5 -1,2 0,6 1,2 -4,1
0-7 -6,5 8,6 7,7 194 | -152 | -10,9 -9,6 -1,3 -8,1 -3,5
Table 2. Differences in balanced excesses (Continued)
No. of Differences in excess, mm
YU A | Abi | Al | Abw | Ahis | Ahi | Ahy | Al | Ab | Al | Ahy
0-1 0 9 -2 -6 -5 0 7 6 8 7 1
0-2 3 11,8 | -0,7 -2,5 -0,1 -1 7 2,7 11,2 33 23
0-3 8 3.5 -1,2 | 59 | 27 0 9 0,8 -3,7 4,4 8,4
0-4 5.8 143 | -7.1 -9,3 -0,7 0,1 9.1 7.9 2.9 6.9 -0,1
0-5 4 2,2 -6,8 -0,5 -4,9 -1 10 32 54 6,6 25
0-6 3,9 05 | -289 | 52 -1,5 0,2 8 23 3,9 4,6 23
0-7 344 2,6 | -38,6 -2 0,4 0,1 9,3 30,8 0,2 7,5 2,7

Let us consider the results obtained when solving the problem for Polygon I. It turned out that the
smallest threshold displacement at which a solution was obtained is 6 mm (cycles 0-1 and 0-6).
With a threshold displacement of £7 mm, in addition to the previous cases, solutions were also
obtained for cycles 0—4 and 0-5. Increasing the threshold to +8 mm made it possible to obtain results
for cycle 0-3. Solutions for cycles 0-2 and 0—7 were obtained at threshold displacements of +11 mm
and +18 mm, respectively. At £20 mm and above, identical results were produced (in each cycle, only
the displacements changed, not the most stable benchmark), and therefore, they were not included.
The most stable benchmark across all cycles and constraints is benchmark 14, as it appears most
often, 7 times.

A similar conclusion can be drawn for Polygon II. The smallest threshold constraint is +4 mm, and the
largest is £19 mm. The most stable benchmark across all cycles is benchmark 42, which appears as
many as 10 times.

For Polygon III, as with Polygon II, the smallest threshold displacement is #4 mm; under this
condition, at least one cycle can be solved by the linear programming method. The largest threshold
displacement yielding unique results is #23 mm. The most stable benchmark is benchmark 41, which
is identified 14 times in the calculations.

Analyzing the results for Polygon IV, we can conclude: £5 mm is the smallest threshold displacement
at which at least one cycle is solved; £9 mm is the smallest bound at which all cycles are solved; +13
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mm is the highest threshold displacement (further increases produced the same results). The most
stable benchmark is benchmark 36.

Thus, the most reliable benchmarks are: for Polygon I - benchmark 14; for Polygon II - benchmark
42; for Polygon III - benchmark 41; and for Polygon IV - benchmark 36.

Conclusions

There is a need to improve methods that allow for a more accurate assessment of the stability of the
benchmarks, especially in industrial sites where deformation factors can be more complex.
Comparison of methods for assessing the stability of references based on measurement results has
shown that the use of a method based on linear programming is one of the most effective for
determining the stability of benchmarks. The rigorous method allows for accurate and reliable
determination of the displacement of the benchmarks but may require more computational resources.

Analyzing the differences in exceedances between leveling cycles allows you to more accurately
assess the stability of the references. Determining the marginal error of the exceedances and
comparing it with the obtained data allows to classify the references more clearly as stable or
unstable. Applying this methodology for each measurement cycle helps in selecting the most stable
reference, which is critical to ensure the accuracy and reliability of the results. The studies have
shown that the two methods discussed in this article recorded similar results in determining the
stability of the benchmarks.

The use of the proposed universal and rigorous algorithm allows achieving more reliable results in
assessing the stability of the references, which is important when performing repeated geodetic
measurements in leveling networks on large construction sites to determine the settlements of building
structures.
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