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Ensuring the stability of reference benchmarks is essential for obtaining reliable data in geodetic
monitoring of engineering structures. This study proposes an improved methodology for analysing the
stability of height foundation points (HFP) based on successive approximations with strict accuracy
assessment. The approach involves detecting unstable benchmarks by sequentially excluding the least
stable points, defined according to the ratio between the displacement magnitude and its root mean
square error. The methodology incorporates conditions of benchmark invariability, either for individual
points or for the average mark of a benchmark group, with the corresponding weight matrix applied. To
test the efficiency of the method, the OSMI software was developed for simulating levelling networks
and modelling measured elevation differences using pseudorandom number generation. The
experimental analysis demonstrated that when no displacements were assigned, the method correctly
confirmed benchmark stability in all cases. When benchmark displacements were introduced, they were
detected in 95-97% of cases. This proves the robustness of the proposed methodology and its
applicability for detecting minimal displacements within levelling networks. The results confirm that
the developed method allows not only for the reliable identification of unstable benchmarks but also for
the quantitative determination of their displacements. This has significant importance in engineering
practice, particularly in geodetic monitoring of structures where high precision and reliability of control
are required.
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Introduction

To obtain reliable data on the stability of engineering structures (Bagriy, 2020; Kalynchenko, 2014;
Korbuda, 2020; Sidorov, 2015; Dutschyn, 2020; Trevoho, 2023; Romaniuk, 2020; Dzoba, 2019), it is
important for the reference height network to be stable. For this purpose, various constructions of
benchmarks are used, including (Trevoho, 2022). In addition, repeated levelling results are used to
monitor the stability of benchmarks. Several methods have been proposed for analysing the stability
of benchmarks, including (Tretyak, 2014; Hay- Man Ng, 2023).

Method and Theory

Observation of vertical displacements of engineering structures is only possible when the relationship
between the accuracy of levelling the reference geodetic network and the magnitude of the minimum
detectable displacement has been established a priori, the reliability of detecting unstable points has
been determined, and the impact of the network configuration on the accuracy of determining
benchmark displacements has been established. To enhance the reliability of stability analysis of
height foundation points (HFP) with a strict assessment of the accuracy of the obtained results, a
methodology has been developed based on the following principles. The stability analysis is
performed based on the method of successive approximations.
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The selection of the magnitude of the diagonal elements of matrix P is determined based on the
condition of the complete stability of the benchmarks considered stable. Expressions (1) and (2) are
written to verify the stability of the i-th benchmark. Let us write the system of equations (1) in matrix
form.
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The condition of the invariability of the average mark of the group of benchmarks when checking the
stability of the i-th benchmark can be written as:

(Si+'"+5i—1 +Si+1+'"+sn)_0 = 7;. (4)

With the weight P; = 100, in matrix form, we get:

A,-S + li - Vi! (5)
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Here Ai = (1, .,1,0,1, ..., 1), ll = (0), Vi = (v,-)
The order of calculations according to the proposed method is as follows. First, we determine the
displacement of the benchmarks using the formula:

S0 = (AZTPZAZ) + (AzP;1;) (6)

where A2 is the matrix of connection equations; P2 is the corresponding matrix; 12 is the column
matrix of the difference of measured elevations. According to the condition:

K; = > = max, (7

m;

where S; and mi are the calculated displacement and its root mean square error of determination,
respectively, we find the least stable point. We check this point for stability under the condition of the
stability of the remaining points. Let us consider the theoretical basis of this verification. We introduce
the notation: V2 is the matrix of corrections.

Azs + lz = Vz. (8)

Combining for a common solution the system (8) and one of the systems (1) or (4) depending on the

imposed condition, we get:
Ay LY_ ("1
()5 + ()= () ®

Or in general form

AS+1=V (10).
Solving the system (10) under the condition (VT PV) = min, we proceed to the system:

cs=w (1)
Where, C = ATPA,W = ATPI. Considering that detC # 0, we get

s=c'w (12)

The root means square error of determining the displacement of the i-th benchmark will be equal to

m; = pu/Cy. (13)

We simplify the solution of the system (9) for the computer, for which we multiply the matrices A, P,
AT, S in block form.

Py 0,

Tp — T AT
aTp = i (b

) = (ATP, + 430, + 470, + ATP)) (14)
Considering that O; and O, are zero matrices, we write:

ATP:(A1+P1 +A2+P2). (15)

Further

ATPA = (A;Py X APy) X (j;) = (ATAP, + ATA,P,). (16)

Similarly, we get
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ATPL = (A,P; X A,P,) X (l:) = (ATA, L, + ATALL). (17)

S = (A{Alpl + AgAsz)_l X (A’]I_‘Alll + A’gAzlz) (18)

It should be noted that the matrices A A, P, and A} A,[, are the same in all approximations.
Accordingly, it is enough to calculate them once, which reduces the time spent on the computer.
Further calculations involve performing successive step-by-step repeated actions: Determination of the
least stable benchmark and its exclusion from the number of points recognized

as stable in the previous approximation; Calculation of the displacements of the benchmarks identified
as the least stable after each check.

The least stable benchmark among the points accepted as stable in the previous approximation is
determined relative to the new reference plane, which we obtain as the weighted average of the
displacements S° obtained by the formula (6). Example: after excluding the i-th benchmark, we have:

PySY+++P;_1SP 4Py, S+ -+ Py S

§S= (19)
Pi+-+Pj_1+Piy1++Py
Displacement of benchmarks relative to the new reference system:
S;=8"-3§ (20)

where je(1,...,i—1,i+1,..,n)

Next, we determine the least stable benchmark according to criterion (7). The displacement of two or
more benchmarks under the condition of the stability of the other points is determined similarly to the
case with one benchmark. Approximations are performed until only one point remains among the stable
points. The optimal approximation is considered the one in which the maximum number of unstable
points is detected. To conduct research on the proposed method of analysing the stability of height
foundation points, the author developed the OSMI program. To study the levelling network of a certain
configuration, the OSMI program models the differences in measured elevations using the formula (21):

Ahi = Mi + m; X hi (21)
where: M; and m; are the mathematical expectation and standard deviation of the i-th elevation

difference, respectively; R; is a normally distributed random number obtained as a pair of uniformly
distributed pseudorandom numbers.
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Figure 1. Research on the approbation of the methodology

To study the proposed method, a computer modelling program was developed. Calculations were
performed for different levelling marks. The benchmarks were given displacements m, 2m, 3m, 4m;
where m is the mean square error of determining the benchmark settlement. A graph was constructed
based on the research results (Figure. 1). As we can see, the probability P for displacement m is 90%,
for 2m - 95%, and for more than 3m - 100%.

International Conference of Young Professionals “GeoTerrace-2025”
6-9 October 2025, Lviv, Ukraine



Geo EAGE

Terrace
Conference

Conclusions

The proposed method for analysing the stability of height foundation benchmarks allows not only to
determine the stability of individual benchmarks with high probability but also to determine their
displacements, which is of significant importance in engineering practice. The research was conducted
to determine the practical efficiency of the proposed method and to establish the magnitude of the
minimum displacement that can be detected in the analysis. The analysis showed that in the case where
no displacements were assigned to the benchmarks, correct results were obtained in 1000 cases out of
1000. In cases where displacements were assigned to the benchmarks, they were detected

in 95-97% of cases using the proposed method and corresponding software.
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